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ABSTRACT PAGE

In anticipation of the Large Hadron Collider (LHC) which is currently scheduled to start
operating in September 2009, Particle physicists have developed various models to predict
phenomena that may be observed in the LHC data. One of the ideas that have been
developed is warped extra dimensions. The S parameter, one of the electroweak precision
observables is predicted by experiments to be less than about 0.1. However, most of the
models that try to explain the electroweak symmetry breaking without a Higgs Boson have
a large S parameter > 0.2.
We study the possibility of reducing the S parameter in a wared extra dimensions scenario.
In our models the S parameter is small over a significant region of the parameter space,
and may be consistent with experimental bounds.
Since the extra dimensional models are an effective theory at low energy, we then explore
the UV completion of extra dimensional models by latticizing the extra dimension. We
study a class of supersymmetric models in which certain aspects of the low energy
effective theory can be determined exactly. We find that the topology of the extra
dimension is determined dynamically and does not always agree with the na'ive
interpretation of the deconstructed model.

Dedicated to my mother Tan Sai Lan.
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EXTRA DIMENSIONS AND ELECTROWEAK SYMMETRY BREAKING

CHAPTER!
Introduction
Particle physics is the study of the building blocks of matter. The standard model
is a gauge theory that attempts to describe the properties and interactions of the fundamental particles. In the standard model, the fundamental particles consist of four distinct
types: leptons, quarks, gauge bosons, and the Higgs field. Quarks and leptons are spin-~
fermions which interact through three types of interactions: weak, electromagnetic and
strong. However, the gravitational interaction is not included in the standard model. The
gauge bosons are a set of spin-1 particles that mediate the interactions. The Higgs field in
the standard model is a spin-0 or scalar field, which is responsible for electroweak symmetry breaking and generating masses of the particles in the theory via Yukawa interactions.
Table 1.1 lists the fundamental particles in the standard model.
The interactions in the standard model are described by the gauge groups SU(3)c x
SU(2) 1 x U(l )y. SU(3)c is the gauge group that describes the strong interaction, which
is also known as quantum chromodynamics (QCD). The strong interaction only affects
particles which are charged under the SU(3)c gauge group; they are the quarks and gluons. In analogy with electromagnetism which has one charge, quantum chromodynamics
has three charges; they are called colors: red, green, and blue.

2
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TABLE 1.1: Standard Model periodic table.
Type
leptons

Flavors
e, p, T

Charge(jej)
-1

vf.l,

0

Ve,

quarks

force carriers

VT

u, c, t

+213

d, s,b

-113

Spin
112
112

112
112

I

1

gluons

1

¢

0

w±,z

Higgs

1

The next two groups SU(2) 1 x U(l)y describe the electroweak interactions. The corresponding mediating gauge bosons are, the photon (I) for the electromagnetic, and the

w±, and Z

for the weak interaction. Below the electroweak scale (246 Ge V) SU (2)1 x

U(l)y breaks into U(l)em electromagnetic interaction, by the Higgs mechanism. Higgs
mechanism is a spontaneous gauge symmetry breaking by adding a scalar field. When
the scalar field get a vacuum expectation value, it will break the gauge symmetry and give
mass to gauge bosons. Since the standard model is a chiral gauge theory, the left-handed
and right-handed fermions are treated differently. The chirality projections in Dirac spinor
representation are defined as

'1/JL,R

=

(

1 =f
2

15) '1/J,

where 1 5 is the fifth gamma matrix which is defined as 1 5
matrices satisfy the Clifford algebra {IJ-L, lv}
metric with signature (+

- - -) and I

=

(1.1)
i1°1 11 2 1 3 • The gamma

2 TJJ-Lv I, where TJJ-Lv is the Minskow ski

is the identity matrix.

Under the weak isospin SU(2) 1 , the left and right handed fermions have different
charges. The left-handed fermions are weak isospin doublets, whereas the right-handed
fermions are weak isospin singlets. If there are right-handed neutrinos then they are
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SU(2)L singlets. However there is no right handed neutrinos in the standard model. U(l)y
is the hypercharge gauge group. The hypercharge (Y), electromagnetic (Q), and weak
isospin (T3

= CJ 3 /2)

charges are related as follow
(1.2)

In order to generate masses for the w±, Z, the leptons, and the quarks, the standard
model includes a complex scalar doublet Higgs field, which couples the left-handed and
right-handed Dirac fields through Yukawa interactions. This Higgs field is also responsible for electroweak symmetry breaking phenomena.
The standard model is a successful theory with a lot of predictive power. Many
experiments have already been done that confirm standard model predictions. Of the fundamental particles in the standard model, only the Higgs field hasn't been discovered yet.
The Large Hadron Collider (LHC) is currently the world's largest and highest energy particle accelerator with 14 TeV center of mass energy. The LHC will be operating around
September 2009, and will be used to search for the Higgs field and physics beyond the
TeV scale. The physics responsible for the breaking of electroweak symmetry will be
studied at the LHC over the next few years. In anticipation of potentially definitive experimental results, a number of novel models of electroweak symmetry breaking (EWSB)
have been proposed recently [1, 2, 3, 4, 5, 6, 7, 8, 9]. These models aim, in part, to address
the hierarchy problem that is inherent to the Higgs sector of the minimal Standard Model,
while satisfying the constraints imposed by presently available data. The hierarchy problems is the question of why there is such a big gap between the weak scale (100 GeV),
and the Plank scale (10 19 Ge V).
One of the ideas that has been developed to anticipate LHC data is warped extra
dimensions. The idea of warped extra dimensions was first introduced in 1983 when
Rubakov and Shaposhnikov suggested that a vanishing four dimensions cosmological
constant would result if a five dimensions bulk vacuum energy was tuned to cancel the
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large four dimensions vacuum energy of the Standard Model (SM) fields [ 10]. This work
was popularized in 1999 when Randall and Sundrum introduced two famous examples of
warped extra dimensions which led to interesting and distinct phenomenology (hereafter
called RSI [11] and RSII [12]). In the first model (RSI), a finite warped extra dimension
living between a positive and a negative tension brane was used to solve the hierarchy
problem. The metric for RSI could be written as ds 2 = e-Zk1Yidx 2

+ dy 2 ,

0 :::; y :::; r,

where dx 2 is the four dimensions coordinates dxp,dxJL, y is the fifth dimension and k is the
warp factor. The fifth dimension is compactified into 8 1 / Z 2 with y = 0 and y = r as the
orbifold fixed points. These boundaries are called the Plank or UV brane at y = 0, and
TeV or IR brane at y

=

r. This model predicts Kaluza-Klein (KK) graviton excitations

to have masses on the order of a few Te V which could possibly be detected at the Large
Hadron Collider (LHC) in the near future. In the RSII model, Randall and Sundrum
considered a warped infinite extra dimension. This model use the same geometry as RSI,
but doesn't have a TeV brane. Although the RSII model no longer solved the hierarchy
problem, four dimensional gravity can still be reproduced in an infinite extra dimension
since the corrections to Newton's Law at large distances are suppressed on the positive
tension brane.
Since these models were first introduced, many extensions of their work have been
proposed. Some of these extensions include adding extra branes to the bulk of RSII
[13, 14, 15], localizing gravity on thick branes [16], adding SM fields to the bulk of
RSI [17, 18, 19, 20, 21], Higgless models in an RSI background [4, 5, 22, 23], etc. In
one of these models [14], an extra negative tension brane was included in the bulk of
the infinite extra dimension of RSII. This model, if stable, was designed to solve the
hierarchy problem as in RSI but with an infinite extra dimension. However, it was found
that when the scalar gravity mode (radion) of the five dimensional graviton is carefully
considered, the theory becomes unstable [24, 25, 26, 27, 28, 29, 30]. This instability
arose since the kinetic term of the radion in these theories was found to be negative [31].

6

The bulk stress tensor violates the positivity of energy condition and the brane is unstable
to crumpling. More recently, Agashe et al. [32] pointed out that if one could stabilize
a IR-UV-IR model with Z 2 parity about the UV brane, one could address the hierarchy
problem naturally. They argue that in an alternate UV-IR-UV model, one would have to
add large brane kinetic terms in order to solve the hierarchy problem. We will study the
idea of warped extra-dimensions in Chapter 2, by combining the feature of RSI and RSII
for solving the hierarchy problem and electroweak symmetry breaking.
In Chapter 3 we will study the idea of holographic technicolor. Technicolor models
were proposed as an alternative to the minimal Higgs sector [33, 34]. Fermions coupling
both to the electroweak and technicolor gauge sectors condense when the technicolor
interactions become strong. The fermion condensate takes the place of the vacuum expectation value (vev) of the Higgs field in the breaking of electroweak symmetry. The
hierarchy problem associated with radiative corrections to the Higgs mass is eliminated
since no fundamental scalar fields are present in the theory. The large separation between the Planck and electroweak scales is understood as a natural consequence of the
logarithmic running of the technicolor gauge coupling. Unfortunately, it was realized in
the 1980's that technicolor models predict large corrections to precisely measured electroweak observables if the new strong sector is similar to QCD [35, 36]. In particular, the
Peskin-Takeuchi oblique parameter S, which is defined in Eq. (3.20) is predicted to be

,2: 0.2, while experiments constrain S to be less than about 0.1 [37]. In this chapter we
use a holographic approach to reduce the S parameter and adding a composite scalar to
generate fermion masses in technicolor model.
In Chapter 4 we will study the UV completion of an extra-dimensional theory via
the idea of deconstructed extra dimensions. The possibility of extra spatial dimensions
beyond the three which we commonly observe has provided a provocative paradigm for
model building in particle physics and gravity in recent years [38, 11, 12]. However,
due to the non-renormalizability of higher-dimensional gauge theories they are neces-
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sarily low energy effective theories. An ultraviolet completion of higher-dimensional
theories was provided by the deconstruction approach [39, 40]. In a deconstructed extra
dimension, the extra dimension appears as a lattice of (3+ 1)-dimensional gauge theories
connected to one another through link fields transforming in the bifundamental representation of the gauge groups at neighboring lattice sites. For non-supersymmetric gauge
theories the UV completion may be provided by an asymptotically free gauge theory in
which fermions condense to provide the link fields as nonlinear sigma-model fields. Alternatively, the link fields can arise from fundamental scalar fields which obtain vacuum
expectation values leaving an effective theory which appears higher dimensional below
some scale. However, scalar fields suffer the usual problem that their expectation values
are naturally of order the cutoff scale, and supersymmetry (SUSY) is therefore favored to
restore naturalness in this linear sigma model approach.
In supersymmetric models we double the degree of freedoms by adding a bosonic
particle for each fermionic counterpart. Fields in supersymmetric theories form supermultiplets, which have both bosonic and fermionic components. InN

= 1 supersymmetry in

four dimensions there are two relevant types of supermultiplets, chiral and vector supermultiplets. Chiral supermultiplets consist of three types of fields: complex scalar fields,
Weyl fermions, and complex auxiliary fields. The vector supermultiplet is the generalization of gauge bosons in standard model. It also consists of three component Weyl
Fermion gaugino, vector gauge field, and auxiliary real scalar field. The supersymmetry also solves the hierarchy problem, because each fermionic particles have a bosonic
counterpart which cancel each others divergent contribution to the Higgs mass. Another
advantage of supersymmetry is we could calculate certain observables analytically. In
our deconstructed extra dimensions we are able to calculate the beta functions which are
related to the running of the coupling constant analytically. This allows us to test the
deconstructed approach nonperturbatively. Finally we will present our conclusion and
summary in Chapter 5

CHAPTER2
Gravity and Electroweak Symmetry
Breaking in a RSIIRSII Hybrid Model

2.1

Introduction
In this chapter we propose a model in which the negative tension brane is placed

at an orbifold fixed point with positive tension branes living in the bulk of an infinite,
warped extra dimension (see Fig. 2.1) 1 . The metric is given by ds 2 = e-A(y)dx 2 + dy 2
where the warp factor is

A(y)

~{

-2k1IYI

ifO::; IYI::; r

2k21YI - 2(kl

+ k2)r

(2.1)

if IYI > r.

As in Lykken and Randall [13], this theory has a continuous KK spectrum while also
solving the hierarchy problem. However, the phenomenology of our model is more of
a hybrid between RSI and RSII in which the KK gravitons of RSI become resonances.
Placing a negative tension brane at an orbifold fixed point projects out the negative energy
mode of the radion and therefore allows the theory to be stabilized. We calculate the
1

This chapter was published in Ref. [41].
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gravitational spectrum and show how this theory can be stabilized.
Hybrid Gravity Model

80
Positive Tension Branes

60

Negative Tension Branes

40
,-..

"

<(

20
0
-20
-40
-60
-r

0

r

y

FIG. 2.1: The Hybrid RSI/RSII gravity model. The space is orbifolded around y = 0 and extends
to infinity.

Warped extra dimensions have also proven to be interesting for models of Higgsless
Electroweak Symmetry Breaking. In Cacciapaglia et al. [22, 23], SU(2) 1 xSU(2)RxU(l )B- 1
gauge fields were included in the bulk of AdS space. Custodial isospin was preserved by
breaking SU(2) 1 xSU(2)R down to SU(2)D on the negative tension brane [42, 43, 44, 45,
46] while SU(2)Rx U(l)B- 1 was broken down to U(l)y on the Planck brane. It was
found, as in technicolor theories, that an order one S parameter is produced in conflict
with experiments. In order to address this problem, a Planck brane kinetic term was
added which was found to decrease the S parameter but at the price of destroying unitarity. They also added a U(l)B-L brane kinetic term to the TeV brane which also lowered
the S parameter but at the price of making T nonzero. More recently Carone et al. [47]
showed that a holographic UV-IR-UV model can be constructed, with SU(2) 1 xU(l)B- 1
gauge fields in the bulk, in which a custodial symmetry is generated without introducing a
SU(2)R gauge group. They found that like the standard higgsless model, the S parameter
is too large. In Section 2.3 we modify our hybrid model to include gauge fields in the
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warped extra dimension. Following Csaki et al. [22, 23], we include SU(2)Lx SU(2)Rx
U(l)B-L gauge fields in the bulk and use boundary conditions to break the symmetry in
order to reproduce the SM on one of our branes. In order to have a normalizable photon,
we have brought in another negative tension brane from infinity to cut off the space at an
orbifold fixed point (see Fig. 2.2). We find corrections to the p =

Mfi,r / (M1 cos 2 ( Bw))

(where Bw is the Weinberg angle, Mw is the mass of W bosons, and Mz is the mass of Z
boson) parameter to be suppressed, signaling that an approximate custodial symmetry is
preserved. We calculate oblique corrections in this model and find that as the added slice
of the extra dimension increases, the S parameter decreases. We stress that this method of
reducing the S parameter appears to keep corrections to the p parameter suppressed while
preserving unitarity for a decrease inS up to 60%.
Hybrid Higgsless Model
80
Positive Tension Branes

60

Negative Tension Branes

40
20

8
<(

0
-20
-40
-60
0

y
FIG. 2.2: The Hybrid RSI/RSII higgsless model. The space is orbifolded around y
at the location of the outside negative tension branes (y = ±(r 1 + r 2 )).

= 0 and ends

11

2.2

Gravity in the Hybrid Model
Our theory is defined by placing a negative tension brane at an orbifold fixed point

(y = 0) in an infinite fifth dimension (the TeV brane). Two additional positive tension

branes are added at the points y =

±r (the Planck branes).

It is important to point out

that unlike the theories proposed in [13] and [14], we place the TeV brane at the orbifold
fixed point which (as we will discuss later) stabilizes the Radion mode (see [31]). The Z 2
symmetry demands that the tensions of the two additional Planck branes be equal. The
action takes the form.

S

=

j d x~ [2M;~) R- Ab- v=.qT4lv16(y)- v=.qT4lvz {b(y +
5

3

r)

+ b(y- r)}J.
(2.2)

If we assume four-dimensional Poincare invariance, the metric is given by

(2.3)
with

9MN(x1-L,

y)

=

-e-A(y)

0

0

0

0

0

e-A(y)

0

0

0

0

0

e-A(y)

0

0

0

e-A(y)

0

0

0

0

0

1

0

(2.4)

and

A(y)

=

if 0::::; JyJ ::::; r

{ -2k,jyl

2kz\y/ - 2(kl

+ k2)r

if \yJ

(2.5)

> r.

As in [ll], the assumption of four-dimensional Poincare invariance leads one to
derive the tension of the Te V brane located at y

= 0 to be V1 = -24M;~) 3 k1 and the cos-

mological constant between the Planck and TeV branes is A1 = -24M;~)ki. Likewise,
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the tension on the Planck brane located at y

=

r is found to be V2

and the cosmological constant outside the Planck branes is A 2

= 24M~~) 3 ( k 1 + k2 )

= -24M~~) k~.

It is use-

ful to transform the metric to manifestly conformally flat coordinates, where Einstein's
equations take a simpler form. In these coordinates, the metric takes the form
9MN(xll, z) = e-A(z)diag( -1,

1, 1, 1, 1)

(2.6)

where
(2.7)

(k 2 [z~+C)2
Now the Planck branes are located at
- k2 / k 1

+ exp [- k 1r] (1 + k2/ k 1 )

zb

if Z >

Zb.

= ±(1 - e-kl/r)/k 1 and the constant C =

is chosen such that

zb

is the same for the two slices of

AdS space.

2.2.1

Kaluza-Klein Modes

For now we will just consider the spin-2 fluctuation of the metric. The scalar mode
(radion) will be discussed in the following section. Consider a pertubation of the form
(2.8)

The transverse traceless solution can be written as hp,v(x, z)

04 hp,v(x)

=

=

e 3 A(z)/ 4 hp,v(x)'l/J(z)

where

m2 hp,v(x) and

[-a;+ V(z)] 1/J(z) = m2 '1j;(z).
The potential V (z) is found to be [ 12]

(2.9)
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As usual, since the equation of motion for the Kaluza-Klein modes can be written in the
form

(?tQ 1/;(z)

satisfies

m 2 1/;(z) with Q =

=

Q 1/;0 (z)

=

az + (3/4)A'(z), there is a zero mode solution that

0:
1j; 0 (z)

3

= N exp[-4A(z)].

N is found by normalization: N = [f exp[-3/2A(z)]dz] -

(2.10)
112

.

The higher KK modes are found by solving equation [2.9] subject to the following boundary conditions and normalization:
1)

1/Jm(z) is continuous at the Planck branes (z

2)

1/J'm(z) is discontinuous at:

=

±zb).

a) the TeV brane: 6(1/J'm(z))iz=O = 3k11/Jm(O).
b) the Planck branes:

6(1/J'm(z))iz=±zb =

-~ ( -k1~;6 1+1 + kzl!l+C) 1/Jm(±zb)·

3) 1/Jm(z) approaches a normalized plane wave solution for very large z.

The solution is
if lzl

:::; zb

if lzl

>

(2.11)

The boundary conditions and normalization give the following relationships among the
coefficients:

(2.13)

k )
amYl(me-k 1 r jk1)+bmJ1(me-k 1 r /kt) = ( k:

1/2

[a~Y1(me-k 1 r /k2)

+ b~J1(me-k 1 r /k2)]
(2.14)

zb.
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KK Mode Spectrum at z=O
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FIG. 2.3: Mass Spectrum for both the Hybrid RS (solid) and RSl (dashed) models. The Hybrid
RS model's spectrum was normalized by the zero mode's value at z=O.

(2.15)

Unlike the RS 1 model, there is a continuous spectrum of graviton modes (all m > 0 are
allowed). The RSl spectrum is discrete and given by

mn

=

k 1 Xn, where

Xn

denotes

the zeros of J 1 (x) [48f . In Fig. 2.3 we compare the Hybrid RS KK spectrum to that
of RS 1. We have chosen order one parameters such that k1 r = 30, in order to solve
the hierarchy problem. The resonances in the spectrum correspond nicely to the discrete
spectrum found in RS 1. Since the modes are suppressed compared to the zero mode, the
corrections to Newton's Law are small:

V(x,z

=

O,x',z'

=

1oo

0)
f'...l

2

1 l'l/Jo(O)I2
1 l'l/Jm(0)12e-mlx-x'l
3
~-_,1
+
2M3
~-- _,1
dm{2.16)
2Mpl X X
0
pl
X
X
00
2
2
_1_l'l/Jo(O)I ( 1 + { -mlx-x'll'l/Jm(O)I d
2 17)
2M;z lx- x'l
lo e
l'l/Jo(O)I 2 m
·

)c

Since we have normalized the metric to be 1 at the TeV brane instead of the Planck brane as done in
RS1 [11], our spectrum is multiplied by exp[k 1 r] as compared to the solution found in [48]
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2.2.2

Radion Stabilization

As mentioned above, placing the TeV brane at the orbifold fixed point will allow the
radion mode to be stabilized. To see this we need to include the spin-0 fluctuation (f(x))
of the 5 dimensional graviton. The proper way to include this mode was discussed in [31]
and [49]. Starting in a gauge where both branes are fiat, the metric can be parameterized
as [31]

ds 2

=

a(y, x? [77~-tv + h~-tv + 2t(y) 01-t Ov f(x)] dx~' dxv + b(y, x? dy 2 ;
a(y, x)
b(y,x)

= e-A(y)[l

=

+ B(y) f(x)]

(2.18)
(2.19)

(oy log a) 2
A'(y)2/4

(2.20)

where E(y) depends on the coordinate choice and has oy E fixed at the position of the
branes by matching conditions. It was found that with the additional relation

B(y)

= 2eA(y)

+ e-A(y) A'(y)E' (y) -

eA(y)

1Y

e- 2A(ii) A" (fj)E'(Y)

dy,

(2.21)

the spin-2 calculation goes through as done in the previous section and is decoupled from
the spin-0 radion mode (f (x) ). For the warp factor given in Equation 2.5, Pilo et al. found
that the effective four dimensional lagrangian contains the term [31]
2M(5)
pl

31To dy A'(y)/2
3B' (y) (f Of)

_24_M_____,__;_~)-3
2kl

(1 -

e-2klr

k2
k2

+ kl

)

(2.22)

JOJ
'

(2.23)

where the values of B (y) are fixed at the brane positions by matching conditions. Notice
that for positive definite k 1 and k2 , the kinetic term is always positive in our model. This
should be compared to models with a negative tension brane in the bulk [13, 49]. For
these models, k 1 is opposite in sign and the kinetic term therefore can become negative.
Models with a negative tension brane in the bulk may therefore contain a ghost radian
mode. In our model, however, the radion mode can be stabilized using a mechanism like
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the one introduced by Goldberger and Wise [50, 51]. In addition, since our model has
a norrnalizable graviton zero mode and lacks a ghost radion mode, we do not expect IR
modifications to gravity [24, 25, 26, 27, 28, 29, 30, 31].

2.3

Higgsless Symmetry Breaking in the Hybrid Model
In this section we will put SU(2)L x SU(2)R x U(l)B-L gauge fields in the bulk. The

metric is given by (2.6) (see Fig. 2.2). However, unlike before, in this section we cut off
the infinite extra dimension in order to make the massless mode norrnalizable

3

.

This is

accomplished by adding a negative tension brane at an orbifold fixed point: y = (r 1 + r 2 )
(or z =

zb 2

= 1/ k2 ( e(k 2 r 2 -k 1 q)- k 2 / k1 ( e-k 1 r 1

-

1 + kr/ k2e-k 1 q)) in z-coordinates). The

5D action for this model is:

S

=

J J
d4 x

dzF;l5l [ -~R~NRaMN-

~L~NLaMN- ~BMNBMN

l

(2.24)

where RMN• LMN• and BMN are the SU(2)L, SU(2)R, and U(l)B-L field strengths.
Using the same procedure as [22, 23], we choose to work in the unitary gauge where
all KK modes of the fields L5, R5, B 5 are unphysical, by

taking~ ->

oo in R€ gauge.

Boundary conditions were imposed to break the SU(2)L x SU(2)R x U(l)B-L symmetry
to the Standard Model at z =

Zb2

and to SU(2)D x U(l)B-L at z = 0. The boundary

conditions are:

8z(L~ + R~) = 0, L~- R~ = 0,

z = 0:
{

z =

L5

0, 8z(L5- R5) = 0, B 5

(2.25)

=0

(2.26)

Zb2:

L5
3

+ R5 =

BzBfl = 0,

= 0,

R5 = 0, Bs = 0

We will now use r 1 instead of r to denote the distance of the first brane to the origin. Also we will only
consider half of the space for most of the discussion since the other half is obtained by orbifolding about
the origin.
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where 95 and

g5 are the 5D gauge coupling for SU(2h ,Rand U(1) 8 _L respectively.

The

motivation for these boundary conditions is given in Refs. [22, 23]. These boundary
conditions are consistent with models that have a bifundamental Higgs field in the (2, 2) 0
representation located at z

= 0 that break SU(2)L x SU(2)R

-->

SU(2)D. On the second

IR brane, at z = zb 2, there is a boundary Higgs in the (1, 2)1; 2 representation under
SU(2)L x SU(2)R x U(1) 8 _L, which will break SU(2)R x U(1) 8 _L

-->

U(1)y. In order

to decouple the boundary Higgs fields from the theory, we take all of the Higgs VEV s
to infinity. In addition to the boundary conditions we impose continuity for the wave
function and their derivatives at the UV brane, located at z = zb, as dictated by the
equations of motion. The bulk equation of motion for the gauge fields is

[a;,- ~,az' + k~:J 1/J(z') = 0
where z' = -k1 z

+ 1 or k 2z + C for 0

~

z

~

zb and zb

~

(2.27)

z

~

zb 2 respectively. The

solution to this equation is given by

d
1/Ji =

{ (-klz+1)(afJl(qi(-z+1/kl))+bfYl(qi(-z+1/ki))),
(k 2z +C) (a:d J 1(qi(z + C/k2)) + b:dY1(qi(z + C/k2))), zb

O~z~zb

~ z ~ zb2

(2.28)
where d labels the corresponding gauge bosons (W±, L3, B, R3). Following [22, 23], we
expand the fields in their Kaluza-Klein modes as follows:
()()

B!L(x, z)

: a0 r(x) +
95

L
1/Jf(z)Zt(x)
j=l

(2.29)

()()

L~(x, z)

~aor(x) + L 1/Jf3 (z)Zt(x)
95

(2.30)

j=l
()()

R~(x, z)

~aor(x) + L 1/Jf3 (z)Zt(x)
95

(2.31)

j=l

()()

L!(x, z)

L 1/Jf±(z)WL±(x)

(2.32)

j=l
()()

R!(x, z)

L 1/Jf± (z)WL±(x)
j=l

(2.33)
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2.3.1

Oblique Corrections

In order to calculate the electroweak corrections in our model we ensure that all
corrections are oblique. This is done by adjusting the coupling of the ferrnions localized
at z =

zb 2

so that the zero mode couplings are equal to the SM couplings at tree level. For

our model the relations are
(2.34)
g

(2.35)

gcosew

(2.36)

For the photon kinetic term, we canonically normalize it as follows:
(2.37)
I

(2.38)

Equations (2.35) and (2.36) are used to determine the correct normalization for theW and
Z wavefunctions.
Given the wavefunctions of the gauge fields , we calculated the oblique corrections
using the relations between the vacuum polarization and the wavefunction renormaliza-

renorrnalizations are give by

Zw
Zz

I:::
=I:::

I:bb: [1/Jw]2e-A(z)/2dz=

=I:::

[1/Jz]2 e-A(z)/2dz

([1/JL+]2+ [1/JR+J2)e-A(z)/2dz

([1/JL3]2 + [1/JR3]2 + [1/JBJ2) e-A(z)/2~2,40 )

and the zero momentum vacuum polarizations are

IIu(O)

(2.39)
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The Peskin-Takeuchi oblique corrections as a function of vacuum polarization are defined
as [36] :

s
T

u

(2.43)

161r(rr; 3 - rr;Q)

47r

.

sm

2

ew cos 2 ew M z2 (IIu (O)- II33(0))

(2.44)

161r(II~ 1 - rr;3)

(2.45)

Since we are only considering the tree level corrections, rr;Q = 0. As an input to our
model, we use the values of the SM electroweak parameters at the Z-pole: Mw
GeV, sin2 Bw = 0.231, and a= 1/127.9. We also assume k1 r 1

= 80.045

= 30. In the limit r 2

---+

0,

Mw sets the size of the extra dimension to be r 1 = 68.5 TeV- 1 . Since this is the limit
of the standard higgsless model, we find T

= U = 0 and S "" 61r / (g 2 ( k1 r 1 ))

""

1.4

as in [22, 23]. Since we are only interested in showing that the S parameter decreases
while preserving T "" 0 and unitarity, we do not do a complete survey of the parameter
space. For our analysis we set k2 to be equal to the value of k1 in the r 2

---+

0 limit. As

we increase r 2 , we find r 1 decreases in order to produce the proper Mw. Fig. 2.4 shows
the behavior of the S parameter as we increase r 2 . We find the S parameter decreases.
For r 2

= 60 we also checked that the lightest W and Z excitations are less than 1800

GeV and therefore unitarity is preserved [22, 23]. This provides another mechanism for
lowering the S parameter in addition to including brane kinetic terms [22, 23] and bulk
fermions [52].

2.3.2

The Dual CFT Description

A dual description using the AdS/CFT correspondence would include two CFTs
coupled in the UV. There are two strongly interacting sectors in theIR: one is responsible
for breaking SU(2)R x U(l)B-L
SU(2)R

---+

---+

U(l)y and one is responsible for breaking SU(2)L x

SU(2)D. In contrast to the original Higgsless model in which the gauge group

20
S Parameter vs. r2
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FIG. 2.4: Plot of the S parameter as a function of r 2 .
breaks to the Standard Model in the UV, our model breaks to the Standard Model at an
IR scale that changes as we vary r 2 • We find that as this scale decreases, the S parameter
also decreases.
The two strongly interacting scales become comparable when r 2 ~ 65 Tev- 1 which
corresponds to k 1 r 1

~

k2 r 2 . At this scale, we find additional light resonances corre-

sponding to the extended gauge group. The appearance of the resonances would affect
four-Fermi operators and can be used to constrain our model. However for the parameter
space we consider in Figure 2.4, the next lightest resonance above the W and Z mass is
never below 1 Te V.
It would be interesting to understand from the 4D perspective why the S parameter

decreases as a result of the additional strongly interacting sector. Future work could
explore this interpretation as well as survey the parameter space keeping the constraint on
four-Fermi operators in mind.
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2.4

Summary of Chapter 2
In the first section, we presented a model that is a hybrid between RSI and RSII.

The model has a negative tension brane located at an orbifold fixed point (y = 0) and
two identical positive tension branes located at y

= ±r. The fifth dimension extends to

infinity as in RSII, however the presence of the positive tension branes produces graviton
resonances which coincide with the discrete RSI spectrum. This model is attractive since
it both solves the hierarchy problem and produces a continuum of KK graviton modes.
As in both the RSI and RSII models, four dimensional gravity can be recovered. Stability
of our model is ensured by placing the negative tension brane at an orbifold fixed point.
In the second section of the chapter 2, negative tension branes were brought in from
infinity to cut off the space at an orbifold fixed point. We included SU(2)Lx SU(2)Rx
U(l )B-L fields in the bulk and broke to the Standard Model on the far brane. The distances
between the branes are scaled as to produce the correct W mass. As in standard higgsless
electroweak symmetry breaking models, a large S parameter along with vanishing T and
U parameters were found when the second slice of our space was shrunk to zero. As the

second slice of our space was increased, the S parameter was lowered while corrections
to both T and U remained suppressed. We also find the lightest W and Z excitations
stayed below 1800 Ge V and therefore preserve unitarity. In conjunction with using brane
kinetic terms and placing fermions in the bulk, this could be used as a useful mechanism
for lowering the S parameter.
Future work on these models could include trying to incorporate both higgsless electroweak symmetry breaking and solutions to the hierarchy problem into a single model. It
would also be interesting to explore how this model compares to other known mechanisms
used to lower the S parameter. In addition, an understanding of why the S parameter decreases in the dual CFT description would be interesting.

CHAPTER3
Holographic Bosonic Technicolor

3.1

Introduction
Recently, technicolor models with small or negative values of S have been con-

structed using the AdS/CFT correspondence [44, 53, 54, 55]. In this holographic approach, the dynamics of the strongly coupled sector is not necessarily specified a priori.
Instead, a five-dimensional (5D) gauge theory in a warped background is postulated to
define a strongly coupled four-dimensional (4D) technicolor sector via the rules of the
AdS/CFT correspondence [56, 57, 58]. Beginning with a holographic theory that has
properties similar to QCD, new couplings are introduced in the 5D model that alter the
holographic prediction of current-current correlation functions in the strongly-coupled
theory. It can then be shown that the parameter space of the 5D theory contains regions
where the value of the S parameter is in accord with experimental constraints [44]. In
the present work, we also use the freedom to deviate from a QCD-like holographic theory
in constructing a viable model of dynamical EWSB. In particular, we will allow for a
separation of the technicolor confinement and chiral symmetry breaking scales as another
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means for reducing the S-parameter 1 .
A complete model of holographic technicolor must also provide a mechanism for
generating Standard Model fermion masses. Four-dimensional extended technicolor (ETC)
models provide the desired coupling between Standard Model fermions and the technicolor condensate through four-fermion operators that are generated when heavy ETC
gauge bosons are integrated out of the theory [60]. Unfortunately, ETC gauge boson exchange generically produces flavor-changing four-fermion operators that are excluded by
experiment, if the ETC scale is low enough to account for a heavy top quark. An alternative means of generating fermion masses is possible in technicolor theories that have
an additional, possibly composite, Higgs doublet field in the low-energy theory [61, 62,
63, 64, 65, 66, 67, 68, 69, 70, 71, 72]. The coupling of the technifermion condensate to
this field forces it to develop a vev, even if the Higgs mass squared is positive. Yukawa
couplings of the Higgs field then provide the origin of Standard Model fermion masses.
If the Higgs field is composite, the compositeness scale is assumed to be higher than the
technicolor scale, so that the Higgs may be treated as a new fundamental scalar in the
low-energy effective theory. The basic features of this "bosonic technicolor" scenario are
reviewed in Section 3.2.
In this chapter, we present a bosonic technicolor model in which the dynamics of the
strongly coupled sector is defined through its holographic dual. The model is compatible
with electroweak constraints and provides for the origin of fermion masses. Coefficients
in the electroweak chiral Lagrangian of the theory, that would otherwise be unknown, are
determined by the AdS/CFT correspondence, as we discuss in Section 3.3. We then study
the phenomenology of the model in Section 3.4. In particular, we compute the usually
problematic contribution to the S parameter, as a function of the technirho mass and the
vev of the Higgs field, and find that a significant region of parameter space is allowed.
We also study the decays of the technirho which, if observed at the LHC, could exclude
1

This work was published in Ref. [59]
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regions of the model's parameter space and potentially discriminate between different
holographic technicolor scenarios. We conclude in Section 3.5.

3.2

Vintage Technicolor with a Scalar
The gauge group of the model is GrcxSU(3)cx SU(2)wxU(l)y, where Grc rep-

resents the technicolor group. We will assume that Grc is asymptotically free and confining, but make no other assumptions about the group. We assume two flavors of technifermions, p and m, which transform in a nontrivial representation of Grc· In addition,
these fields form a left-handed SU(2)w doublet and two right-handed singlets

(3.1)

with hypercharges Y(YL) = 0, Y(pR) = 1/2, and Y(mR) = -1/2. With these assignments, the technicolor sector is free of gauge anomalies.
The technicolor sector has a global SU(2)L xSU(2)R symmetry, which corresponds
to independent special unitary rotations on the left- and right-handed technifermion fields.
It is assumed that strong dynamics results in a technifermion condensate
(3.2)

that spontaneously breaks this symmetry. Here, 4n f is traditionally identified as the chiral
symmetry breaking scale [73]. The resulting Goldstone bosons may be described in an
effective chirallagrangian, where

(3.3)

and where the 2: field transforms simply under the SU(2)L x SU(2)R symmetry:
(3.4)
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A kinetic term for 2:: may be constructed that is invariant under Eq. (3.4), and also under
the Standard Model gauge symmetries,
(3.5)
where the covariant derivative is given by
(3.6)

Here, the

ra are the generators of SU(2), while g and g' are the SU(2) and U(l) gauge

couplings, respectively. The quadratic terms in Eq. (3.5) include mixing between gauge
fields and the pion fields, indicating that the latter are unphysical and can be gauged away.
After doing so, the remaining quadratic terms in Eq. (3.5) give the gauge boson masses,
1

(3.7)

mw = 2gj

which reproduce the correct experimental values for

f : : : : 246 GeV.

For Grc = SU(N), the theory described thus far corresponds to conventional technicolor, with all its well-known problems. Large contributions to the S parameter will be
avoided in our case by deforming the model away from one that could be naively interpreted as a scaled-up version of QCD. This will be discussed in the next section. Here,
we extend the model to provide for an origin of fermion masses. We assume that the
low-energy theory includes a scalar SU(2)w doublet¢

= (¢+, ¢ 0 ) that can couple to the

technifermions and to Standard Model fermions via ordinary Yukawa couplings:
(3.8)
(3.9)

We will not assume that ¢ has a negative squared mass. The Yukawa coupling of ¢ to
the technifermions produces a ¢ tadpole term when the chiral symmetry is dynamically
broken and the technifermions condense. This guarantees that there is a non-zero vacuum
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expectation value for ¢, and hence, that masses for the Standard Model fermions are
generated.
The origin of the ¢ doublet is worthy of some comment. The ¢ field either represents a fundamental particle in the ultraviolet (UV), or a composite one in the infrared
(IR). Each possibility presents its own advantages and disadvantages. If¢ is fundamental,
then an ultraviolet completion that separately solves the hierarchy problem, such as supersymmetry, must be assumed. Some may object to such a hybrid proposal on philosophical
grounds, but such arguments have little bearing on whether or not such a theory is realized
in nature. On the other hand, if ¢ is composite, one avoids the problems of quadratic divergences, which are regulated by the Higgs compositeness scale. In this case, however,
other difficulties may occur. The couplings of the composite field to the fundamental
fermions in the theory arise via higher-dimension operators, leading to suppression factors. One might worry that the top quark Yukawa coupling could be too small in a generic
model of this sort, though such an outcome could be avoided, for example, if the third
generation fermions are also composite. A Higgs compositeness sector may also provide
a new source for dangerous flavor-changing neutral current effects, via higher-dimension
operators suppressed by the Higgs compositeness scale. Whether such problems actually
do arise, however, depends on the details of the theory in the UV, which are unknown.
Since we work exclusively with the low-energy theory, it is only necessary that we assume that some adequate UV completion of our model exists. The same assumption is
made in other popular models of EWSB [1, 2, 3, 4, 5, 6, 7, 8, 9, 11, 38].
We may incorporate ¢ into the chiral Lagrangian by defining the matrix field

(3.10)

which transforms precisely in the same way as

~

under the chiral symmetry. For the case

in which the technifermions have a common Yukawa coupling h+

=

h _ _ h, which we
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assume henceforth, the ¢ tadpole described above appears through the following term in
the effective chirallagrangian [65]
(3.11)
The coefficient has been chosen such that c1 is of order unity by naive dimensional analysis (at least in QCD-like models) [74, 75]. It is now convenient to employ a nonlinear
representation of the <I> field,

(a--;!') exp(2 iii'/ J') ,

<I> =

(3.12)

where j' is a vev and II' is defined in analogy to Eq. (3.3). The fields {a, IT'a} are equivalent to the four real degrees of freedom in the original field cjJ. Expanding Eq. (3.11 ), one
obtains the mass matrix for the II and II' multiplets. One linear combination, which we
call 1r a' is exactly massless and becomes the longitudinal components of the weak gauge
bosons in unitary gauge; the orthogonal combination, 1rP' is physical and remains in the
low-energy spectrum:

j II+

7r a

f' IT'

= -jr-J=2=+=J,~2

'

7r
p

=

- f' II+ j IT'
j j2 + !'2

----'--;===~

(3.13)

Note that our phase conventions have been chosen to agree with those found in the previous literature [65]. The f and f' vevs, as well as the mass of the a field, can be determined
in terms of the tadpole parameter c1 in Eq. (3.11), the Yukawa coupling h, and the parameters that appear in the ¢potential (for a detailed treatment, see Ref. [65]). For our
present purposes, we will find it more convenient to express quantities of phenomenological interest in terms of

f

and

f'

directly. The mass of the physical pion multiplet also

follows from .CHin Eq. (3.11). One finds
jv2

2

m7r = 8v'21rc 1 h7'

(3.14)

where

v-

j

j2

+ f' 2 = 246 GeV.

(3.15)
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In the holographic treatment of this model, the parameter c 1 can be calculated, as well as
the pion couplings to the hadronic technicolor resonances in the theory.

3.3

Holographic Technicolor with a Scalar
We use the AdS/CFf correspondence [56, 57, 58] to model the strong dynamics of

the technicolor sector. The holographic description allows us to calculate the masses and
couplings of the technicolor resonances and to estimate the S parameter. We take the
geometry of the 5D spacetime to be a slice of anti-de Sitter (AdS) space, given by the
metric,
ds 2

where z =

Zm

1

= -z2

(-dz 2

+ dxftdx J.t ) '

0

<

Z

:S

Zm

(3.16)

is an infrared cutoff. We include in the 5D bulk a complex scalar field X,

whose boundary value is proportional to the source for the technifermion operator qLiJ.R
in the 4D theory, where q

= (p, m). The field X is a two-by-two matrix in flavor space

and transforms as a bifundamental under the SU(2)L xSU(2)R chiral symmetry, which
becomes a gauge symmetry in the corresponding 5D model. Normalizable modes of the
X field and the bulk gauge fields correspond to hadronic resonances, with

1/ Zm setting

the scale of confinement. An ultraviolet cutoff may be introduced by moving the AdS
boundary away from z

= 0, to z = c:. One can think of 1/c: as the scale at which the

holographic model breaks down. Although we work with a finite and small choice for c:
in our numerical calculations, we find that all our physical results remain convergent in
the limit c:

--+

0. For definiteness, we also set the AdS scale to the electroweak scale,

v = 246 GeV.
If we assign to the 4D operator qLqR its UV conformal dimension 3, then according
to the AdS/CFf correspondence, the corresponding 5D field X has a mass squared m~ =

-3 in units of the AdS curvature scale [56, 57, 58]. In principle, we can consider this
mass, or equivalently the dimension of the techniquark bilinear, as another parameter in
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the model, and the running of the dimension can be included by a modification of the
geometry. For simplicity we do not consider such modifications here. To summarize the
model and our conventions, the 5D action is,
(3.17)

where DJ.LX = 81-LX- iALJ.LX

+ iXARJ.L•

AL,R

=

A£,RTa, and FL,RJ.Lv

=

8J.LAL,Rv-

8vAL,RJ.L- i[AL,RJ.L, AL,Rv]- The profile of the X field is determined by solving the classical equations of motion with Ai_,R = 0 and X (x, z) = X (z). There are two independent
solutions, whose coefficients have the interpretation of the common techniquark mass,
mq =

hf' I V2, and condensate, O", so that [76, 77],
(3.18)

In an SU(N) technicolor theory with two flavors, one may match the holographic prediction for the vector current-current correlator in the UV [78] to the result of a one-loop
calculation, which implies [76, 77],
127r 2
95 = - N
2

(3.19)

Since we do not assume that GTc = SU(N) in the present model, however, 95 is a
free parameter. We will set 95 to the value given by Eq. (3.19) with N = 4 for the
purpose of numerical estimates. Our qualitative conclusions do not depend strongly on
this choice. Finally, for fixed small Yukawa coupling h the condensate O" can be expressed
as a function of the decay constant f by a holographic calculation of the small q2 behavior
of the axial vector current correlator [76, 77], ITA ( -q 2 )
the constraint that j2
Zm.

+ f' 2 =

-----+ -

j2 I q2 . Taking into account

v 2 , the free parameters in the model are therefore

f,

h and

2

2

The AdS/CFT correspondence allows us to calculate the pion decay constant in terms of the techniquark
condensate in our model. This then provides a test of the naive dimensional analysis (NDA) prediction,
Eq. (3.2). We find that f(O") agrees with NDA to within a factor of O(few), but the consequence of this
factor is that NDA fails qualitatively in estimates of the S parameter and decay widths.

30
The type of holographic construction that we have just described is known to give a
reliable description of the light pseudoscalar and vector mesons in QCD [76, 77, 79], so
we anticipate that it will be equally successful in describing the technicolor sector of our
4D model. We will use the correlation functions, masses and couplings computed in this
theory to determine unknown coefficients in the effective 4D chiral Lagrangian, described
in Sec. 3.2, which properly takes into account the gauging of electroweak symmetry and
the mixing between the <P and technipion fields. As we make explicit in the next section,
our approach does not require that we include the weakly coupled degrees of freedom in
the 5D theory to extract the desired results.
The 5D model that we have described is a simple holographic construction of the
strongly coupled sector, but is by no means the only one. Additional interactions may
be included in the 5D action, the metric may be allowed to deviate from the AdS metric
away from z = 0, and the boundary conditions for the fields at

Zm

may be altered. Such

modifications make it possible to include power corrections to the vector and axial-vector
current-current correlation functions, so that one may obtain negative values of the S
parameter [44]. Alternatively, S may be reduced if the dimension of the operator qq is
smaller than its UV dimension [53]. Although our model may be modified in these ways,
we take a different approach. We work with the minimal theory, Eqs. (3.16) and (3.17),
but allow the scale

Zm

and the chiral symmetry breaking scale 47r f to be independent.

This freedom provides another means of obtaining a significant reduction in S. With the
confinement scale held fixed, we will also see that S decreases as the vev of the field <P
approaches the electroweak scale v, the limit in which the technicolor sector no longer
participates in EWSB.
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3.4 Phenomenology
In this section, we compute what is usually the most dangerous contribution to the S
parameter, and show that an acceptably small value can be obtained without adding new
parameters to the minimal 5D theory defined by Eqs. (3.16) and (3.17). We also consider
some aspects of the phenomenology of our holographic bosonic technicolor model that
are relevant to future collider searches.

3.4.1

The S-Parameter

One of the most serious problems with QCD-like technicolor models is the generically large value of the S-parameter. The oblique parameterS may be defined in terms
of correlation functions of the vector and axial-vector currents J~f-L and J~f-L at small momentum transfer [35, 36],
(3.20)
with,

j d4xeiq·xp~I-L(x) Jtv(O))

5ab (

q;;v - 9/-Lv) Ilv( -q2),

j d4xeiq·xp~f-L(x) J~v(o))

5ab (

q;;v - 9/-Lv) IIA( -q2).

(3.21)

In the holographic model, the contribution of the strong technicolor sector to Ilv( -q 2 )
and IIA ( -q 2 ) are calculated by evaluating the part of the 5D action, Eq. (3.17), that is
quadratic in the SU(2)v and SU(2)A gauge fields. According to the rules of the AdS/CFf
corresponence, the variation of the action (twice) with respect to the 4D vector or axial
vector gauge fields Vf-L(q) or Af-L(q), which act as sources for Jt and J~, yields the correlators in Eq. (3.21). We define the vector bulk-to-boundary propagator V(q, z) as the
solution to the equations of motion for the SU(2)v gauge field Vf-L(q, z) - V(q, z)Vf-L(q),
where V (q, E) = 1 if z = Eis the location of the spacetime boundary; similarly, the axial
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vector bulk-to-boundary propagator A(q, z) is defined by AJ.L(q, z) - A(q, z)AJ.L(q). The
desired correlators are then determined to be [56, 57, 58],

= _!__ ~ oV(q, z) I

IIv( -q2)

gg

Z

0Z

,

(3.22)

-----+

A(q, z). The equations of

Z--->E

and similarly for ITA( -q 2) with the replacement V(q, z)

motion for the bulk-to-boundary propagators follow from the action, (3.17):
(3.23)

1

Oz ( -ozA(q, z)
z

)

2
q
gg Xo(z)2 A(q, z)
+A(q, z)3

z

2z

=

0.

(3.24)

In our model, we allow for the possibility that confinement and chiral symmetry
breaking occur at different scales. The confinement scale associated with the masses of
the vector mesons is determined by the shape of the extra dimension away from the boundary at z =

E.

In our model, the location of the IR wall, at z =

Zm,

determines this scale.

By increasing the confinement scale, physics around the Z pole becomes increasingly
like the Standard Model, and corrections to S become negligible. Similarly, if the Higgs
vev approaches the electroweak scale, v=246 Ge V, with the technirho mass held fixed,
then the physics around the Z pole again becomes increasingly like the Standard Model.
(The technirho mass is calculated holographically, as will be discussed in Sec. 3.4B.) This
behavior is reflected in Fig. 3.1. The different curves correspond to different masses of
the lightest technivector resonance, and hence to different
color sector plays no role in EWSB, and as

f jv

-----+

Zm.

As

f jv

-----+

0 the techni-

1 the Higgs sector plays no role in

EWSB. Note that we take a reasonably small (though not atypical) value for the Yukawa
coupling h

=

0.01 in this example, which we find leads to a further reduction inS. The

5D gauge coupling g5 was taken to be as in Eq. (3.19) with N = 4. As we mentioned
earlier, this identification is made for definiteness but is somewhat arbitrary, as the UV
description of the holographic technicolor theory is unconstrained for our purposes. It is
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FIG. 3.1: Technicolor contribution to S parameter vs. technipion decay constant f and lightest
technivector meson mass. Curves for technivector masses of 1, 3, and 5 TeV are shown. In this
example the technifermion Yukawa coupling was taken to be h = 0.01, and g5 was chosen to
match the UV behavior of the technicolor group SU(4) as described in the text Note that the
existence of the Higgs field allows S < 0.05 over a significant region of the parameter space.

clear from Fig. 3.1 that without a large hierarchy between the confinement and chiral symmetry breaking scales the S parameter can be acceptably small. This is unlike traditional
technicolor models.

3.4.2

Physical Spectrum and EWSB

Thus far, the SU(2)L xSU(2)R chiral symmetry of the technicolor theory on the 4D
boundary has been assumed to be a global symmetry. Strictly speaking, the model described in Sec. 3.3 allows us to calculate hadronic properties in the limit that the electroweak gauge interactions and couplings to the <I> scalars are turned off. In order to
become a model of EWSB, we must now consider the effect of gauging an SU(2)xU(l)
subgroup of the chiral symmetry. As far as the strong technicolor interactions are concemed, the only difference is that three Goldstone bosons are eaten through the usual
Higgs mechanism and are replaced by the longitudinal components of the W and Z
bosons. The 4D theory initially contains six pseudoscalar fields, the ITa and
in Sec. 3.2, for a = 1 ___ 3. One linear combination,

Ti a'

II~

defined

is eaten during EWSB, and the
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other,

'lfp,

The

remains in the physical spectrum, as given in Eq. (3.13).

rra components of 1ra and 1rP correspond to normal mode solutions of the bulk

equation of motion in the holographic theory, as we shall now review. Ignoring its radial

a component, we may express the bulk scalar field as
X 0 (z)

X(x, z) = -

2

- exp[2iiix(x, z)] ,

(3.25)

where X 0 (z) = 2X(z), with X(z) given in Eq. (3.18). The quadratic part of the action,
Eq. (3.17), includes mixing between IIx and the longitudinal component of the axial
vector field AJ.t(x, z) = 81-Lcp(x, z). The relevant terms in the action are:
12
[4g5 z
__1_
[ 4 Z

gg

a

pM N a

+ 3z1 I

pa

pMNa

+ Xo(z)

FAMN

AMN

A

A

For the normalizable modes, we write IIx(q, z)
where q 2 =

D.

2Z 3

Mx

2

12]

(a

(3.26)

rraX - AM)
M
J2

= 7rx(z)II(q)

and cp(q, z)

2
]·

(3.27)

= cp(z)II(q),

mA is an eigenvalue of the equations of motion with appropriate boundary

conditions. We use the gauge Az = 0, in which case the equations of motion for 7rx and

cp are:
(3.28)

- 7J2q

2

az (1-;Bzcp a)

2

a)
+ Bz (Xo(z)
z 3 8z7rx

= 0.

(3.29)

Note that the linearized equations of motion are invariant under the gauge transformation

cpa/J2---+ cpa/J2 + ;._a(q), 7rx

---+

7rx

+ ;._a(q).

The boundary conditions for the nor-

malizable modes are, 7rx(E) = cpa(E) = 0, and Bzcpa(z)iz=z= = 0. The UV boundary
conditions are determined by the normalizability of the modes (up to a gauge transformation as described above), and the gauge invariant form of the IR boundary condition is

FzJ.t

= 0 (although other choices are possible).

The eigenvalues of q 2 for the coupled equations of motion determine the mass squared
term for the normalized II(x) field. In the holographic approach, the II 2 mass term in
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FIG. 3.2: The physical technipion mass as a function of the technipion decay constant f, for
h = 0.01. Given a generic potential for the scalar doublet c/J from Eq. (3.10), one finds that the
limit f /v ____, 1 is not physically accessible.

the 4D effective Lagrangian, arising from the expansion of Eq. (3.11), is roughly proportional to the techniquark mass and condensate (for small techniquark mass) by the
Gell-Mann-Oakes-Renner relation [80], m;J 2 c:::: 2mqo-. The techniquark mass and condensate appear in the profile of the bulk scalar field X(z) as in Eq. (3.18), and indeed
the Gell-Mann-Oakes-Renner relation can be derived from the holographic model [76].
Taking into account the mixing in Eq. (3.13), it follows that

m;7r~7r~

2

= :;

[f'2IPIIa- 2j' fiTaiT'a

+ f2II'arr'a]

.

(3.30)

The holographic calculation provides information on the II 2 squared mass term alone,

mA

=

m; f'

2

/

v 2 , with v = 246 Ge V. This allows us to infer the physical pion mass in

the full theory. In Fig. 3.2, we plot the physical technipion mass, m7r, as a function of

jjv.
The analysis of the vector (technirho) and transverse axial vector sectors are more
straightforward in this model. The lightest axial vector resonance will be heavier than
the technirho, and of somewhat less interest in collider searches, so we will not discuss
it further here. Considering only quadratic terms in the 5D action, Eq. (3.17), the vector
part of the SU(2)L x SU(2)R gauge fields does not mix with either the axial part or with
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the bulk scalar X. The equation of motion for the transverse part of the vector field in the
gauge vza = 0 is,

az ( ~az vjja(q, z))
with boundary conditions V'"(q, E)

=

+

~ v:(q, z) = 0,

0 and F'"z(q, zm)

=

(3.31)

0. The solutions are Bessel

functions and the spectrum is given by zeroes of J 0 (q zm)· The mass of the lightest technirho in the model is therefore,
2.405

mp=--.

(3.32)

Zm

3.4.3

Decays of the Technirho

As long as phase space allows, the technirho will decay strongly about 100% of
the time. In our model the dominant decays of the neutral technirho p 0 will be to the
longitudinal W boson and to physical pions
gPwLwL

7rw

We will calculate the couplings

9pnpnp'

and 9pWLnp that appear in the effective 4D Lagrangian,
(3.33)

where X andY represent either WL or nP. By the Goldstone boson equivalence theorem
[81, 82] we treat the longitudinal Was a Goldstone scalar (an unphysical pion na) with
mass mw coupled as in Eq. (3.33). The equivalence theorem is valid if the W boson
carries energy much larger than its mass, which is valid in our examples for all of the
partial decays of the technirho except to WLnp in the small region of parameter space for
which m7r

rv

mp. In that regime, however, the branching fraction for decays to WL7rp is

small anyway due to the reduced phase space, so our qualitative results remain unchanged.
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A standard calculation of the partial decay widths gives,
1

2) 3/2
m'lr

2

(3.34)

-m 9
1-4487r P P1rp'lrp (
m~

1
487r

2 ) 3/2

-m

2
mw
p9pWLWL ( 1 - 4
m~

(3.35)

fw+
- = fw-L'lrP+
L'lrP

(3.36)
In terms of the mixing angles cos (}

= f I v, sin(} = f' I v, the couplings of the technirho

are related by,
(3.37)
Defining r Tot

r ~"P+~"P

=

+ 2fw+

-

L 'lrp

+ rw+ w-'
L

L

the branching fractions r

XY

IfTot

depend only on the mixing angles, resonance masses and mw. To calculate the total width
we need to know gP1rp'lrp' which is obtained in the holographic model by integrating the 5D
action over the extra dimension z for the lightest modes of V11 and 11x, and multiplying
by the appropriate mixing angles to convert 11, defined after Eq. (3.27), to the physical
pion 1rp· The couplings arise from both the gauge field and scalar kinetic terms. In terms
of the modes V11 ( k, z) = ?,bp(z) V11 ( k ), cp( q, z) = cp(z )11( q) and 11x( q, z) = 1rx (z )11( q),
where k 2 = m~ and q2 = m¥r are the lowest eigenvalues for the bulk equations of motion,
we obtain the pl111 coupling:
gpiT II

=

~
In
v2

J

d
z

nl. (
Cf! p

z

)

(cp'(z)
2
g5

z

2

2

2

+

Xo(z) (1rx(z) -cp(z)IJ2)
z

3

The technirho wavefunction is normalized such that J(dzlz)?,bp(z) 2

)
.

(3.38)

= 1; the technipion

wavefunctions 1rx (z) and cp (z) are normalized such that the integral in Eq. (3 .3 8) (without
the prefactor) would equal I if 1,b P ( z) were replaced by 1. These normalizations are chosen
so that the modes are canonically normalized in the effective 4D theory [76, 77]. The
remaining pion fields 11' do not couple strongly to the technirho in this model, so the
contribution from the bulk 5D action completely determines the coupling of the technirho
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FIG. 3.3: Branching fractions and total decay width of the p0 , for mp

= 3 TeV, and h=O.Ol.

to physical technipions. Taking into account the mixing between the two sets of pions,
the physical pion coupling is then given by,

9p7rp1rp

=

.

Slll

2

e9piiii·

(3.39)

The branching fractions and total decay widths are plotted in Fig. 3.3 as a function of the
mixing angle cos e for a fixed

Zm

corresponding to a technirho mass mp

= 3 TeV. Note

that the physical pions become heavy as cos e ---t 1, so the branching fractions to final
states containing pions vanish in that limit for any

3.5

Zm-

Summary of Chapter 3
The condensation of a fermion bilinear operator could provide a simple mechanism

for the breaking of electroweak symmetry. Nature provides an example of this mechanism in QCD: a quark condensate spontaneously breaks the global chiral symmetries of
the theory, leading to the observed spectrum of pseudogoldstone bosons. Although the
analogy to QCD is a source of inspiration for theories of dynamical electroweak sym-
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metry breaking, it has also presented a challenge. A technicolor sector that is simply a
scaled-up version of QCD produces a significant positive contribution to the electroweak
S parameter, leading to results that are in conflict with current experimental bounds.

There is no reason to believe a priori that nature should choose a technicolor sector
that can be compared so easily to QCD. Since the technicolor gauge coupling is nonperturbative at the electroweak scale, however, alternative models have proved difficult
to study. In the absence of simple scaling arguments that start with known results from
hadronic physics, one in the past could only make the polite observation that the S parameter might not be a problem in all models. The low-energy spectrum and dynamics of
any specific proposal could not be determined with any degree of certainty.
Holography presents a way around this impasse by allowing one to work instead
with an equivalent higher-dimensional theory that is weakly coupled. We have studied
in this work a technicolor sector that is defined entirely in terms of its five-dimensional
holographic dual, allowing us to deviate in a calculable way from the QCD-like limit. We
have shown that appropriate choices of the parameters in the 5D theory exist where the
otherwise leading contribution to the S parameter is small. Separation of the confining
and chiral symmetry breaking scales in the holographic approach is possible (although
there is not necessarily a simple 4D gauge theory description of such a theory), and provides a mechanism for reducing the S parameter independent of other mechanisms in the
literature [44, 53]. We take this approach for simplicity, not out of necessity. The main
issue that we address is the generation of fermion masses. We have added to the theory a
(possibly composite) weak doublet field, whose vev is shifted from zero via its coupling
to the technifermion condensate. Like a conventional Higgs doublet, the new field has
Yukawa couplings to the Standard Model fermions, allowing their masses to be generated. Notably, the squared mass of the scalar is taken to be positive in our model, so that
it is not the origin of electroweak symmetry breaking by itself.
The inclusion of this additional scalar doublet in our theory is not a radical propo-
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sition. It has been known for some time that models with strongly-coupled extended
technicolor sectors can produce exactly this low-energy particle spectrum [83]. We have
presented a holographic representation of a strongly-coupled ETC theory in which low
energy properties of the theory are calculable. Our model presents one possible mechanism for the generation of masses in holographic technicolor models, an issue that has not
yet been addressed in this context.
Using the AdS/CFT correspondence, we have calculated some basic quantities of
phenomenological interest in our model, namely the S parameter, the lightest technirho
and technipion masses, and the dominant neutral technirho branching fractions. This provides a basis for future phenomenological studies. In particular, (i) a global electroweak
analysis may provide useful constraints on the Higgs boson and technirho masses, (ii)
scalar-mediated flavor-changing-neutral-currents, which were studied in similar effective
theories [65, 66, 68], may also be re-examined in the present context, and (iii) the production of technipions, technivector and axial-vector resonances may be determined using
holographic estimates of the relevant couplings. With the start of the LHC on the near
horizon, a detailed collider simulation that incorporates these results would be well motivated.

CHAPTER4
An Extra Dimension From A Broken
Deformed CFT

4.1

Introduction
We study a class of deconstructed five-dimensional (5D) supersymmetric gauge

theories 1 . The latticized higher-dimensional theories contain hopping terms in the Lagrangian which are the latticized kinetic terms containing derivatives in the extra dimensions. The scalar link fields obtain vacuum expectation values (VEVs) which break the
product gauge symmetry partly or completely. The spectrum of gauge bosons mimics the
Kaluza-Klein (KK) spectrum of the extra dimension up to a scale which depends on the
size of the extra dimension Rand the lattice spacing l. The scale above which the spectrum ceases to be higher-dimensional is roughly

AKK _

1/ R for a flat extra dimension.

Above that scale the theory is a 4D gauge theory with k '"" R/ l factors of the 5D gauge
group. There are two other dimensionful scales to keep in mind: the dynamical strong
coupling scale of each 4D gauge group factor AQcD, which we assume for simplicity to
1This

chapter was published in Ref. [84]
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(a)

(b)

FIG. 4.1: a) Circular moose with brane. b) Interval moose with brane.
be the same for each of the gauge groups in the deconstructed theory; and the ultimate
cutoff of the deconstructed theory A4 , which must be much higher than

AKK

and

AQcD

for the deconstructed theory to provide a UV completion of the 5D theory.
Flavors in the bulk of the extra dimension are added to the deconstructed theory by
replicating the flavors at each lattice site and including a hopping superpotential [85].
Flavors on a 3-brane are modeled by localizing those flavors to a single lattice site. The
moose (or quiver) diagram representing the deconstructed theory on a circle with N 1 bulk
flavors and Nb flavors localized to a 3-brane is given in FIG. 4.la. The moose diagram
for a theory on an interval with extra flavors on one boundary is shown in FIG. 4.1 b.
Nodes in the moose diagram correspond to SU(N) gauge groups, and lines correspond
to fields transforming in the fundamental representation of the gauge groups at the nodes
on which those lines end. We do not distinguish fundamental and antifundamental representations in the moose diagrams as it is conventional to assign links between nodes the
bifundamental representation (D, Ei), and the charges are otherwise determined by gauge
anomalies.
The hopping terms in the action for bulk flavors are reproduced by a superpotential,
as we review below. In the absence of the superpotential the models that we study have
a large number of interacting conformal fixed points. At each fixed point some combi-
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nation of the independent gauge couplings is nonvanishing. We use the a-maximization
procedure of Intriligator and Wecht, [86] to calculate the dimensions of operators at these
fixed points. Depending on the numbers of colors and bulk and brane flavors we determine which of the conformal fixed points are stable to gauging of the ungauged symmetry
groups at those fixed points, and we argue that generically all of the bulk gauge couplings
are nonvanishing at the stable fixed points.
We will show that for the braneless moose the hopping superpotential is composed
of relevant operators in the neighborhood of the fixed points, so that those operators will
generically have nonvanishing couplings in the infrared as required for the extra dimensional interpretation of the moose model near its stable fixed point. Furthermore, we will
discover that the topology of the deconstructed extra dimension depends on the numbers
of colors and bulk and brane flavors.

4.1.1

The Model

For definiteness we will mostly consider the circular moose model with N 1 bulk
flavors and Nb brane flavors, as in FIG. 4.1 a. The gauge groups and matter content are
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summarized in the table below:

Qk

U(1)R

SU(Nh

SU(Nh

SU(N)3

SU(N)k

D

D

1

1

1

D

D

1

D

1

1

D

rQk

1

1

rF1

(NJ

+ Nb)

F1

D

1

(NJ

+ Nb)F1

D

1

1

1

rF1

Nf F2

1

D

1

1

rF2

Nf F2

1

D

1

1

r-

1

1

1

D

1

1

1

D

The Qi are the link fields, and Fi

+ Fi

(4.1)

F2

are the flavors. They are each chiral multiplets

of 4D N =1 SUSY. The brane is on the first lattice site, corresponding to the gauge group
factor SU(N)l.
The moduli space of this theory allows the link fields to obtain expectation values,
which we assume are at least approximately proportional to the identity in the SU(N) xSU(N)
gauge group space under which each link field transforms: (Qi)

= vil. The gauge group

is then broken to the diagonal SU(N) subgroup at low energies. If there is a superpotential
in this model of the form,
(4.2)

then the theory has an accidentally enhanced

N =2 SUSY in the IR. This is the most

general perturbatively renormalizable superpotential that one can add to the theory, except
that the coefficient of the cubic term depends on the gauge coupling g in order to have the
enhanced SUSY required for minimal5D SUSY in the effective theory.
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The hopping terms for the link fields Qi arise from the D-terms when the scalar
component of the link fields obtain VEVs, (Qi) ~ vil ([85]). In general, it may not
be possible to choose the VEV s exactly proportional to the identity because such vacua
may not belong to the moduli space of the theory. In such cases,. the deviation from the
identity is a reflection of the low energy dynamics below the scale 1I R [87]. If all of the
vevs are equal (and nonvanishing) the hopping terms include the latticized kinetic terms
of a fiat extra dimension. The flavor mass terms are also tuned so that mi =

-J'ig (Qi)

in (4.2). We will have little new to say about this fine tuning. If the VEVs differ in a
smooth fashion from one site to the next then the hopping terms produce a warped extra
dimension [88, 89]. Warped deconstruction models can do interesting things, including
breaking of supergravity without breaking global SUSY [90].
The VEVs are not determined a priori as there is a continuous moduli space. In
the absence of flavors the circular moose theory has a Coulomb branch on which the
gauge symmetry is broken to U(l)N-l [91]. For a fiat extra dimension the continuum
limit requires taking the number of lattice sites k to be large, with the size of the extra
dimension R = k I (gv) and the 5D gauge coupling gg = g 2 / ( kR) fixed with respect to the
dynamical scale of the low energy diagonal SU(N) gauge theory. This requires v
and g

rv

rv

Vk

Vk as k becomes large. Including flavors, Higgs branches open up along which

the flavors obtain VEVs. If the flavor VEVs are small enough, they may be considered a
reflection of the dynamics below the scale 1I R. The portions of the Higgs branches with
larger flavor VEV s (compared to AK K ), though present, do not correspond to an extra
dimension so we will not discuss them here.

4.1.2

Deconstruction as a UV Completion

Models of deconstructed extra dimensions are useful for two reasons: they provide
a definition of 5D gauge theories which are otherwise not renormalizable; and they allow
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for 4D model building while maintaining the desirable features of an extra dimension. In
this chapter we focus on the former aspect, renormalizability of the deconstructed theory,
although we also discuss the novel phenomenology of our deformed conformal moose
models. The hopping potential which provides the latticized kinetic terms is composed
of marginal and relevant operators at tree level, and it is possible a priori that some of
the terms in the potential become irrelevant at low energies due to quantum fluctuations.
Whether or not this disastrous possibility (for the extra dimensional interpretation) occurs
can be addressed perturbatively if the coupling is weak. At strong coupling, however,
nonperturbative methods are necessary to study the theory. For supersymmetric theories
such nonperturbative methods exist [92] and have already proven useful for studying certain deconstructed gauge theories. In particular, 4D instanton effects in the deconstructed
5D

N =1 supersymmetric 5D pure gauge theory were examined in [87]. The 6D theory

with (0,2) supersymmetry and the 6D little string theory were studied in [93], and the
Seiberg-Witten approach gave new nonperturbative insights in [94].
Strictly speaking, the techniques we use only apply to the origin of moduli space,
with vanishing VEVs. Hence, we are only considering energies> AKK so that the VEVs
are negligible near the (approximately) fixed points. In the continuum limit we need to
take the couplings of individual gauge group factors to be large. Since AQcv is the strong
coupling scale of each 4D gauge group factor, we assume AQcv > AKK· Hence, we
expect the renormalization group flows to generically approach the approximate fixed
point at energies higher than AK K, and our analysis remains valid. It is also interesting
to consider the evolution of operators when flowing to still smaller scales. This evolution
requires matching of operators while the heavier KK modes are integrated out, and we
will not address the issue here.
Although the superpotential is not renormalized, wavefunction renormalization causes
the flavor hopping terms to run with energy scale. It is in general not possible to calculate the anomalous dimensions of the hopping terms in the Lagrangian at strong coupling.
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However, the conformal anomaly and the R-current anomaly are in a supersymmetry multiplet, with the consequence that the conformal dimension of an operator is proportional
to its R-charge. At a conformal fixed point, the R-charges are in tum related to central
charges in the theory, which can sometimes be determined exactly [95, 96]. The problem
is that quite often there is not a unique gauge anomaly freeR-symmetry, so the goal is
then to determine which of the continuum of anomaly freeR-symmetries is related by
supersymmetry to the conformal anomaly. Without repeating the clever analysis of [86],
the remarkably simple procedure that determines the correct R-charges for this purpose is
to maximize the Euler anomaly,

a=

3

32

Tr (3U(1)1- U(l)R) ,

(4.3)

where the trace is over the fermions in chiral or vector multiplets, and the maximization is
over all gauge anomaly free R-symmetries. This procedure is known as a-maximization.
The procedure may fail if accidental symmetries appear at low energies, unless all such
accidental symmetries have been identified and accounted for. Indeed, there are many
examples of supersymmetric gauge theories for which the existence of accidental symmetries is required for consistency of Seiberg duality and unitarity [97, 98], and we will
have to account for such accidental symmetries in our moose models.

4.1.3

Fixed Point Stability

Models with product gauge groups and bifundamental fields have been studied nonperturbatively using Seiberg duality techniques [99], Seiberg-Witten theory [91], and amaximization [100, 101]. The conclusion of these analyses is that these theories have
an intricate vacuum structure which depends qualitatively on the numbers of flavors
and colors of each gauge group factor. In [99] it was concluded that theories with two
gauge groups can have a variety of conformal fixed points with either or both of the
gauge couplings nonvanishing. IR stability of these fixed points depends on the num-
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bers of flavors and colors. If the conformal dimensions of the fields are known at a fixed
point for which at least one of the gauge couplings vanishes, then the Novikov-ShifmanVainshtein-Zakharov (NSVZ) beta-functions for the remaining gauge couplings are also
known in a neighborhood of that fixed point (perturbatively in the small coupling(s)). The
signs of the beta-functions then determine stability of the fixed point to perturbations of
the gauge couplings. One can thereby determine which of the fixed points a generic flow
from the UV will approach in the IR. Superpotential deformations of the theory can be
studied similarly to see whether the operators appearing in the deconstructed superpotential are relevant perturbations of the theory in their absence, as is necessary for the theory
to appear higher dimensional below the scale AxxAt fixed points with more than one nonvanishing gauge coupling a-maximization is
generally required to determine operator dimensions. This analysis was done for a class
of models with two gauge groups in [100]. We will extend the analysis to models with
more gauge group factors, and focus our study to models related to deconstructed extra
dimensions. As described earlier, we assume that each of the gauge group factors has the
same number of colors N, and all but one of the gauge group factors has the same number
of flavors N 1 . At one special lattice site, which we label the first lattice site and refer to
as the brane, we allow for an additional Nb flavors representing brane-localized matter.
We will argue that generically the bulk gauge couplings are nonvanishing at the
stable fixed points. In the absence of a brane, at perturbative stable fixed points near the
edge of the conformal window we will find that the gauge couplings are all equal to one
another. In the presence of a brane we will not determine the gauge couplings, but we will
find that depending on the numbers of colors, bulk and brane flavors, the gauge coupling
at the brane may vanish at the stable fixed point. We will conclude from this that the
topology of the deconstructed extra dimension depends on the numbers of flavors and
colors.
A study of the flows between conformal fixed points in these theories allows for
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a large class of nontrivial tests of the "a-theorem." The a-theorem is a conjecture by
Cardy that the Euler anomaly a plays the role of a Zamolodchikov C-function in four
dimensions [102]. Heuristically, the C-function effectively counts the number of degrees
of freedom in the theory as a function of energy scale, which is expected to decrease as
degrees of freedom are integrated out. As such, the Euler anomaly is supposed to be
always positive and flow from higher values to smaller values as energy is decreased.
Neither of these requirements (i.e. positivity or monotonicity) is known to be guaranteed,
although there have been partially successful attempts at proving them, and many tests
have been provided [95, 96, 100, 103, 104, 105]. We will test Cardy's conjecture in a
large class of flows between fixed points, and will find consistency with the conjecture
in each case. We will find that the a-theorem also precludes certain types of RG flows in
these models that are otherwise difficult to argue against.

4.2

The Braneless Moose
In this section we consider a deconstructed extra dimension with SU(N) gauge group

and N 1 bulk flavors, but no localized flavors on a brane, Nb = 0. For now we tum off
the superpotential, so that the flavors do not yet hop in the extra dimension. Later we will
check that the superpotential in the deconstructed theory is a relevant deformation of the
theory. In the absence of a brane, the Zk symmetry of lattice translations puts all of the
bifundamental fields Qi on equal footing, and similarly for the flavors (Fi

+ Fi).

If the

Zk symmetry is preserved at a fixed point, then all of the gauge couplings at the fixed
point will be equal, g; - g*, the R-charges of the bifundamental fields will be identical
to one another, and the R-charges of the flavors will similarly be identical to one another.
At such a fixed point, the theory is as in the table (4.1), with Nb = 0, rQi _ rQ, and
rFi

=

rF\ -

rF.

We require that N /2 < N 1 < 2N so that each SU(N) is in its naive

conformal window. We call it the naive conformal window because the actual conformal
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window for this class of theories may extend to N 1 < N /2 because of the additional gauge
interactions [ 100]. For simplicity we focus our study on the naive conformal window, and
leave the analysis of the larger conformal window for future work. Anomaly cancellation
requires (assuming rp = rp, which is easily checked to be valid here),
N(rq- 1)

+ N 1(rF- 1) + N

=

(4.4)

0.

The Euler anomaly in this case is given by,
a=

3
(kN 2 (3(rq- 1) 3
32

-

(rq- 1))

+ 2kN1N

(3(rF- 1) 3

-

(rF -1))

+ 2k(N 2 -

1)).

(4.5)

Maximizing a subject to the constraint (4.4), we find that the R-charges which belong to
the superconformal algebra and determine operator dimensions are given by,
-3N}
r*Q

+ N 1 J20N2-

Nj

6N 2 - 3Nf2

6N 2

+ 3NN1 -

3N}- N V20N 2
6N 2 - 3N}

-

Nj
(4.6)

and the value of a at the fixed point is,
k ( 9Nj
a*

+ N4

(

36 + 90N}- 20N1 J2oN 2 - Nj))
48 ( -2N 2

kN 2 N} ( -36 -18N}
48 ( -2N 2

+ N}) 2

+ NJV,--20_N_2 ___N_J)
+ N}) 2

(4.7)

Although the denominators in the expressions above vanish at N 1 = J2N, a* is
a regular function of N and N 1 there. The values of the fixed-point R-charges were
obtained assuming the absence of an accidental symmetry that could mix with the Rsymmetry in the infrared. We can check the consistency of this assumption by testing
whether or not any gauge invariant chiral operator would have dimension < 1 with these
assignments, in violation of unitarity [106, 107]. We find that operators of the form F F
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would fall out of the unitarity bound for N 1 < ~ (3N -

V7N)

or N 1 > ~ (3N + V7 N),

which lie outside of the naive conformal window N /2 < N 1 < 2N. With more than two
lattice sites we find that there is no operator which would violate unitarity with the Rcharge assignments above in the naive conformal window. In the case of two lattice sites,
the operator 0 = Q1 Q2 is gauge invariant, and would lead to violation of unitarity if
N 1 < -/275N, which lies within the naive conformal window. In order for this scenario

to be consistent it is commonly assumed that an accidental U(l) symmetry appears at
low energies under which only the chiral superfield associated with the unitarity violating
operator is charged [107, 97, 98]. The accidental symmetry mixes with the R-symmetry
and, consistent with a revised a-maximization, the R-charge of the offending superfield
then takes its free value of 2/3. For this purpose, we maximize the corrected expression
for a, taking into account the accidental symmetry:
anew = aold -

3
[ (3 (r o - 1) 3
32

-

(r0 -

1))

+ 2/9]

,

(4.8)

where 3/32 x 2/9 is the contribution to a from a free chiral multiplet with R-charge 2/3.
The result of a-maximization including this correction is not particularly illuminating,
except that we have checked the R-charges change by not more than a few percent when
N = 2 due to the accidental symmetry, and change by even smaller amounts for larger

N.

We are interested in the stability of the fixed point found above in the sense of renormalization group flow. To study this, we begin by noting that in the naive conformal
window N /2 < N 1 < 2N, there is necessarily a fixed point with only one of the k gauge
couplings nonvanishing, as this is SUSY QCD in its conformal window [107]. At such
a fixed point the R-charges for all of the fields are known, so perturbing about the fixed
point we can calculate the /)-functions for the remaining weakly gauged SU(N) couplings
nonperturbatively in the strong couplings. This allows us to determine whether those fixed
points are stable in the IR, and thereby produces a plausible picture of RG flows in the
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space of couplings and fixed points. This technique was advocated in [99, 100], the only
difference here being that with additional gauge group factors the space of fixed points
is more complicated. We may or may not also have stable fixed points with two nonvanishing couplings, or three nonvanishing couplings, etc. We will label fixed points by the
number of nonvanishing gauge couplings, with an A-type fixed point having a single nonvanishing gauge coupling, a B-type fixed point having two nonvanishing gauge couplings,
and so on.

4.2.1

A-type fixed points

At a fixed point with a single nonvanishing coupling, say g 1 , the interacting part of
the theory looks like SU(N) SUSY QCD with N

+ N 1 flavors

anomaly-freeR-charge consistent with the enhanced SU(N

[107]. There is a unique

+ N 1 ) global symmetry for

which the fields Q1, QN, F 1 and F 1 haveR-charge,
(4.9)
Weakly gauging SU(N)2, the perturbed theory is given by the table below (fork > 2
lattice sites, which we assume throughout this section):
SU(Nh

SU(N)2

U(1)R

Ql

D

D

r

Nf F1

D

1

r

(N1 + N)F 1

D

1

r

(N1 + N) F2

1

D

2/3

Nf F2

1

D

2/3

(4.10)
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The NSVZ ,6-function for the perturbed gauge coupling is given by [108],

(4.11)

where G is the quadratic Casimir of the gauge group (normalized toN for SU(N)); JLi is
the Dynkin index of the representation of the gauge group under which the corresponding
chiral multiplet transforms (JL=l/2 for the fundamental representation);
lous dimension of the ith chiral multiplet, and

ri

ri is the anoma-

is its R-charge. In the second line of

(4.11) we used the relation between the anomalous dimension of a chiral superfield and
its R-charge,

dim(¢)= 1 +

i ;¢.
=

3

(4.12)

In the last line of (4.11) we used the fact that N of the fields charged under SU(N)2 are
also charged under SU(N) 1 and haveR-charger near the fixed point, while the remaining
fields charged under SU(N) 2 are free with R-charge 2/3. TheIR fixed point is unstable
to perturbations by 92 (or 9N) if the ,6-function is negative. We find ,62

< 0 for N 1 <

2N, so the A-type fixed point is unstable in the entire naive conformal window. All
gauge couplings other than 9N, 9 1 and 92 have negative ,6-functions because they are
asymptotically free SUSY QCD. In summary, in the naive conformal window the oneloop ,6-functions for all weak couplings near an A-type fixed point are negative, so that
the A-type fixed points are necessarily unstable to turning on those gauge couplings.

4.2.2

B-type fixed points

We have found that the A-type fixed points will tend to flow to fixed points with additional gauge couplings turned on in the infrared. Here we are interested in fixed points
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with two nonvanishing couplings, which we refer to as B-type fixed points. There are
several distinct possibilities for such fixed points. If the nonvanishing couplings correspond to nodes in the moose which are not either neighbors or next-to-nearest neighbors,
then the fixed point and its stability analysis acts as two decoupled A-type fixed points.
As such, we will focus our attention on B-type fixed points which are not equivalent to
decoupled A-type fixed points. We define B 1-type fixed points to be those fixed points
with two neighboring gauge couplings turned on, and B2-type fixed points to be those
with next-to-nearest neighboring gauge couplings turned on. The low energy interacting
theory for a B 1-type fixed point is specified by the following table:
SU(N) 1 SU(N)2

U(1)R

Ql

D

Ei

rQ

Nf F 1

D

1

rF1

(N1 + N)F1

D

1

rF1

(N1 + N) F2

1

D

rF2

Nf F2

1

D

rF2

(4.13)

At the fixed point, if there are no accidental symmetries then by maximizing a we find
that,

rFl = rF2 = rF\ = r-p2

-9N 2 - 12N Nf

=

9N 2 - 12N} - NV (73N 2 - 4N Nf - 4N})
3(N2- 4NNJ- 4N})
(4.14)

+ (2Nf + N)
3(N 2

-

V

(73N 2

-

4N Nf - 4N}) - 12N}

4NN1 - 4N})

4 15
( · )

Except for rQ, each field has R-charge > 1/3 at the fixed point in the naive conformal
window, so that there is no gauge invariant FiFi type operator which would violate unitarity (by having R-charge < 2/3) in the absence of an accidental symmetry. Numerically,
one finds that the operator det Q has R-charge > 2/3 for any N, N 1 in the naive conformal window. Hence, it is natural to assume that there is no accidental symmetry in this
case.
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Perturbing about the fixed point by weakly gauging SU(Nh, we find that the {3function for the small gauge coupling takes the form,

f3(Bl)

3

2
2
2
3
2
3
2
g3 11N -10N N 1 + 8N1 -12NN1 - N . h3N - 4NN1 - 4N1
_ _ _3_ - - - - - - - - - - - - - - - - - - , - - - ' - v - - - - - = - - - - - 2
32n
(N2- 4N N 1 - 4N}) ( 1- ~~)

(4.16)
One can check from this expression that (33 < 0 in the entire naive conformal window, so
that the B 1-type fixed point is unstable in the IR. The value of a at the B 1-type fixed point
will be given more generally later, in (4.36).
For a B2-type fixed point, the interacting theory is that of two A-type fixed points.
The difference in the stability analysis compared with the A-type fixed point is seen by
weakly gauging the SU(N) gauge group in the "middle" of the two low energy SU(N)
gauge group factors. For example, if the SU(Nh and SU(N)s gauge couplings are nonvanishing at the fixed point, then weakly gauging SU(Nh gives rise to the following
perturbed theory, where r is given by (4.9):
SU(N)I

SU(Nh

SU(N)s

U(1)R

Ql

0

0

1

r

Q2

1

0

0

r

Nf F1

0

1

1

r

Nf F1

Ei

1

1

r

Nf F2

1

0

1

2/3

Nf F2

1

0

1

2/3

Nf F3

1

1

0

r

Nf F3

1

1

0

r

(4.17)
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The ,6-function for the middle group is then,

3g~ (N- ~(1- 2/3)- N(1-r))

---

l67r2

1_

g~N
8n 2

g~

(2N- N 1 ) N 1
-167r2 (1- ~~)(N + NJ)
It follows that ,6~

82

(4.18)

) < 0 for N 1 < 2N, and B2-type fixed points are therefore unstable

in the entire conformal window.

4.2.3

General fixed points

Due to asymptotic freedom of the theory in the naive conformal window, fixed points
are generically unstable to the development of gauge couplings which are not connected
by link fields to any of the interacting gauge groups at the fixed point. This implies that
generically at least one third of the gauge couplings in the moose will be turned on at the
stable fixed point, as each node that is turned off with at least two nodes turned off on
either side of it is itself unstable to turning on. The stability arguments in the previous
sections suggest that generically an even larger fraction of the gauge couplings are turned
on at the stable fixed point, and indeed we conjecture that all of the gauge couplings are
generically turned on. In all of the cases which we will study numerically we will find
that the bulk gauge couplings are all turned on, with or without a brane. For a generic
fixed point with a large number of interacting gauge groups the analysis is complicated.
However, there are a number of generic statements which can be made.
Suppose the fixed point contains a chain of interacting gauge groups as in FIG. 4.2,
where solid nodes correspond to the interacting gauge groups at the fixed point, and unfilled nodes are noninteracting at the fixed point. Such a fixed point structure is analogous
to the B 1 type fixed point, so we refer to such a fixed point generically as Type 1. We
are interested in the effect of weakly gauging the group corresponding to the lightly filled
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FIG. 4.2: Type 1 fixed point with chain of n + 1 interacting gauge groups. The labels (m1), ... , (m + n) index the SU(N) gauge group factors. The gauge coupling for SU(N)m- 1 is
turned off at the fixed point. Its ,8-function near the fixed point determines stability of the fixed
point to development of the SU(N)m- 1 gauge coupling.

node in FIG. 4.2. The factor of the perturbed theory including the weakly gauged group
is generically of the form given in the following table:
The node in the moose diagram adjacent to the last interacting node in the chain at
either end has only a single neighboring interacting node. For large N, near the edge of
the conformal window where N 1

=

N(2- E) withE« 1, the fixed points are perturba-

tive, so that the anomalous dimensions can be assumed to be small [109]. In that case,
the numerator of the beta function for the mth interacting SU (N) gauge group

(3~um

in

FIG. 4.2 is proportional to (assuming there is no accidental symmetry),
(4.19)
(4.20)
which is required to vanish at the fixed point. On the other hand, if we now weakly gauge
the gauge group at the (m - 1)th node, then the beta function for that gauge coupling is
proportional to,
num
/3m-1

(4.21)
The anomalous dimensions can be calculated perturbatively, and at one loop are

58
given by,

(g;)2 (N2- 1)

---

IF;

8n2

N

( (g;) 2 + (g;+l)2) (N 2 - 1)
/Q;

where

=

8n 2

(4.22)

N

g; is the value of the SU(N)i gauge coupling at the fixed point.

The one-loop

anomalous dimensions are negative, so that from (4.21) at the fixed point where
we also have

f3m-l <

f3m = 0,

0. This implies that in the perturbative regime the Type 1 fixed

point is unstable to turning on additional gauge couplings.
Unfortunately, a simple argument similar to the above fails for the generic situation
analogous to the B2 type fixed point, in which there is a gap by one node between two
chains of interacting gauge groups. However, it is natural to conjecture that such fixed
points, and indeed all fixed points in which not all couplings are turned on, are always
unstable. We have not found an example to the contrary in our limited survey to follow,
with or without a brane.

4.2.4

Will the Braneless Moose Hop After it Runs?

We have argued that generically the braneless moose prefers to flow to IR fixed
points in which all of the gauge couplings are turned on. This is good from the perspective
of deconstructed extra dimensions, because it leads us to suspect that the hopping terms
for the gauge fields are relevant operators and survive RG running down to scales for
which the theory is supposed to appear extra dimensional.
However, we have not yet studied the hopping potential for the N 1 bulk flavors.
The hopping superpotential contains two types of operators: FJi, which is relevant at
lowest order in the couplings; and FiQJi+ 1 , which is marginal at lowest order. The
latter operators are dangerous, as quantum corrections may easily make these operators
irrelevant. If that were the case, then the hopping superpotential for the flavors would
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not exist at energies much below AQcD, the strong coupling scale for each SU(N) gauge
group factor, which is assumed to be larger than the scale of the highest KK mass so that
our fixed point analysis is valid (and because the latticized theory requires strong coupling
at that scale). We study the relevance of the hopping superpotential in this section.
The first comment to be made is that the superpotential is not made irrelevant by
wavefunction renormalization at one-loop. This is because the anomalous dimensions
of the flavors and link fields are all rtegative at one loop. At this order, the anomalous
dimensions are given by (4.22), where all of the gauge couplings are equal by virtue of
the 7/.,k symmetry of the fixed point. From these anomalous dimensions we determine the
R-charges of the fields and the operator FiQiFi+ 1 using (4.12):
rp

(g*) 2 (N 2 - 1)
3 + 3 ~ 3 - 81r 2 3N
2
/Q
2
(g*)2 (N 2 - 1)
3 + 3 ~ 3 - 47r 2 3N
(g*)2 (N2 - 1)
2--< 2.
21r 2
3N
2

/F

2

(4.23)

Hence, we see explicitly that the R-charge of the superpotential is less than 2 perturbatively, and hence the hopping terms are relevant deformations near the perturbative fixed
point with vanishing superpotential.
To address the issue nonperturbatively we use the result of a-maximization (4.6). The
question is whether or not the R-charges at the stable fixed point satisfy r-pi +rQ; +r F;+I

:::;

2. We find,

(4.24)
One can check from this expression that in the naive conformal window N /2 < N 1 <
2N,

rF;Q;Fi+l

rF;Q;F;+J

=

< 2. At the upper edge of the conformal window, when N 1

= 2N,

2 as expected because that is where the IR theory becomes free. Hence,

the hopping superpotential is a relevant deformation of the theory in the conformal win-
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dow, and we conclude that the hopping superpotential will indeed survive the RG flow
down to the scale of the highest KK mass

AKK·

Zk Symmetric Fixed Point with Hopping Superpotential

4.2.5

If we assume that the hopping superpotential does not eliminate the interacting IR
fixed point, then we can calculate the fixed point anomalous dimensions of the fields in
the presence of the superpotential. We are still considering the origin of moduli space,

i.e. vanishing link field vevs, so strictly speaking this theory describes an approximate
fixed point at energies much higher than

AKK·

Assuming we can neglect the mass terms

in the superpotential at this scale, the anomaly freedom condition (4.4) is supplemented
with the condition that the superpotential terms FiQiFi+l have vanishing !)-function at
the fixed point, namely 2rp

+ r0 =

2 (assuming rp

=

r-p, which will not be true in

the more general models which follow). Together with (4.4), this determines rp
and r 0

=

= 1

0, which implies that the mass term is in fact marginal at the fixed point, and

for consistency with unitarity we would also conclude that the operators (11~= 1 Qi)n are
free and have dimension 1. These operators are related to Wilson loops around the extra
dimension, and the interpretation of the fact that those operators are free above the scale
of the highest KK mass deserves exploration.

4.3

The Moose With a Brane
In this section we add additional flavors localized to one lattice site, which we la-

bel the first lattice site and refer to as the brane. We still consider the circular moose
model given by the table (4.1 ). The result of a-maximization in this case is sensitive to
the number of lattice sites, and becomes numerically unwieldy with more than a few lattice sites. All analytic expressions in this section are valid when there is no accidental

61
symmetry. We numerically study some examples with two, three and four lattice sites,
and give more general results where possible. In the numerical examples here and in the
following section we account for all accidental symmetries that are required by unitarity.
As before we consider the circular moose model in the naive conformal window

N /2 < N 1 < 2N - Nb. To analyze the stability of the fixed points we will use the same
techniques as with the braneless moose. We only analyze fixed points whose structure
and stability analysis differs from the braneless case. Type A fixed points for the moose
with a brane, i.e. fixed points with a single nonvanishing SU(N)i gauge coupling, can be
divided into two types which we call type A 1 and type A2. A type A 1 fixed point is a
fixed point with the brane gauge coupling nonvanishing. A type A2 fixed point is a fixed
point with the gauge coupling next to the brane nonvanishing (g 2 or gk). At an A1 type
fixed point, the effective theory is like SQCD with (N + N 1 + Nb) flavors. The R-charges
are given by

Nt+Nb
Nt+Nb+N

(4.25)

r=-----"----

Perturbing the fixed point by weakly gauging SU (N)2 we get the beta function, for two
sites
(4.26)
and for more than two sites
II

{32

=

g~ 2N 2

+ 3N Nt - 2Nj + 5NbN - 2NbNJ
(N + Nt + Nb) ( 1 - ~~~)

- - - -----------'---,-----...,....---

32n2

(4.27)

The beta functions in (4.26) and (4.27) are positive in the whole naive conformal window.
Hence, Type A1 fixed points are always unstable to development of neighboring gauge
couplings. The Euler anomaly at the type Al fixed point is given by:

ai

1

48

[k(lON 2

+ 2NN1 -

9)- Nj((N

-12NNt- 7N?; -lONJNb- 3N'j)

+ N 1 + Nb) 2 ) (N (20N 2 -

14NNb

+ 2N} + 4N'jNb + 2NtNf:)J

(4.28)
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Type A2 fixed point the R-charges is the same as equation (4.9), the NSVZ beta
function for two sites with turning on weakly the g1 is given by
(4.29)

for more than two sites
(4.30)

From FIG. 4.3b in the two-site model we see that this type of fixed point could be stable
or unstable depending on the number of flavors and colors, as was observed in [100]; this
behaviour is also true for more than two sites, as can be see from FIG. 4.3a. In the two
site case, if this type fixed point is stable, there is a flow from the A 1 type fixed point
to the A2 type fixed point. When this type fixed point is unstable the flow will be from
A 1 and A2 to a fixed point where both gauge couplings are turned on. We find that for

Nb

< 1/2(7- 2\/'6)N, with more than two lattice sites the A2 type fixed point will be

stable for

3
1
Nf > 4N- 2Nb

1;
2
+4
y 25N -

2

28NbN + 4Nb

(4.31)

when Nb > 1/2(7 - 2v'f;)N this kind of fixed point will be always stable from g1
pertubation, because the beta function will be always positive in the whole conformal
window. The a for this kind of fixed points is

1
[k (10N 4 + 22N3 N 1 + 14N2 Nj- 9N 2 -18NN1 - 9Nj. + 2NNJ)
2
48(N+N1)
-20N4 + 12N3 Nt + 3N2 Nj + 2NbN3 + 4NbN 2 N 1 + 2N NbNJ- 2N N}] (4.32)
For fixed points with two nonvanishing gauge couplings, we will consider four different cases. (a) First we consider a case when sites 2 and 3 (or k- 1 and k) tum on.
Perturbing the fixed point by the SU(N) 1 coupling, the effective theory for this type of
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FIG. 4.3: Numerator of the beta function (4.19) for (a) k > 2, N = 6, Nb = 5; and (b) k = 2,
N = 4, Nb = 2.

fixed point is as follows:
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(4.33)

The R charges for this kind of fixed point is the same as in equation (4.14) for r F and
equation (4.15) for r 2 . The beta function by perturbing the brane gauge coupling for
k = 3 is,
BI
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For k > 3 the beta function is equal to

f3f 1'

=

-

9
1,
2
3 1f (N 2

-

l
(
4N NJ - 4Nf2 ) 1 -

2

-2NbN + 8NbNN1 - N 2 V73N 2

, ') (11N3

91

-

2

10N N1- 12NNj

+ BNj

]\2

811"

-

4NN1 - 4NJ + 8NbNJ)

(4.35)

The beta function for this kind of fixed point could be negative or positive depending on
the number of flavors. We also could perturb the fixed point with nonvanishing coupling
g4 for this case and the beta function is the same as equation (4.16). From the braneless

case we already know that this kind fixed point is unstable to such a perturbation. The
expression for the value of a at this type of fixed point is,
a*a

1
(N 6 (-651+10k)+N(32NbNJ+32kNJ-64NJ
)
48 N 2 - 4NNJ- 4N12 2
(

-288kNJ) + N 5 (-78Nfk + 2Nb + 73V73N 2

-144kNJ + N 4 ( -9k + 64kN'j + 142N1 V73N 2
-640N'j) + N 3 (72NJk- 12N'j V73N 2
+448Nf) +N 2 (-8NfV73N 2
-72kN}))

-

-

4NNJ- 4N}- 916NJ)

-

-

4N N 1 - 4NJ- 16NbNJ

4N Nf- 4N} + 16NbN} + 336kNj

4NN1 - 4N} + 224kNJ + 112Nj + 64NbNf
(4.36)

(b) The fixed point with gk and g 2 turned on is like the type B2 fixed point for
braneless moose. The effective theory for this type of fixed point, perturbed by SU(N)I,
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is:
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Nf F2

(4.37)

The r is the same as equation (4.9), this type of fixed points only occur for number of
sites k

> 3, because for

k = 3 this fixed point will be equivalent to case (a). The beta

function of the weakly gauged SU (N) 1 is,

j3fn = _ __2]__ Nf (2N- Nb- Nf) - NbN
167T2

(4.38)

(N +Nt) (1- ~~~)

The sign of the beta function depends on Nb and N 1. We find numerically that for Nb

>

0.584N the beta function is positive in the whole naive conformal window. An example is
shown in FIG.4.4. We also could give small pertubation to g3 or 9k-l· The beta function
for k = 4 is the same as equation (4.18), so for k
BII

j3k-1

= -

> 4 the beta function is

9Ll 2N 2 + 3N Nf - 2Nj
32n2 (N + Nf) ( 1- g~s~lt)

(4.39)

We find that for N 1 < 2N the fixed points is always unstable. The value of a for this
fixed points can be written as follows:

a'1n

4

S(N

~ NJ) 2 (-18kNNJ + 2NN}k + 13NbN2 N 1 + 2NNbNj + 14NjkN2

-40N 4

+ 24N1N 3 + 6N 2 Nj- 4N Nj + 10N4 k + 11NbN3 -

9kN 2
(4.40)
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Nb = 3.

(c) In the third case the couplings 9 1 and 93 are non vanishing. We will study this
case fork = 3 in the next example, so we now consider k > 3. The effective theory for
this type fixed point perturbed by SU ( N) 2 is given by the following table:

SU(N)! SU(N)2 SU(N)3 U(1)R
Ql
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D

1

rl

Q2

1

D

0

r2

D

1

1
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0

1

1

rl

(NJ) F 2

1

0

1

2/3

(NJ) F 2

1

0

1

2/3

(N1 + N) F3

1

1

0

r2

Nf F3

1

1

0

r2

(NJ

+ Nb)

(N1 + N

F1

+ Nb)F1

(4.41)

the R charges is the same as equation (4.9) for r 2 and equation (4.25) for r 1. The beta
function by small pertubation of 92 is
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FIG. 4.5: Numerator of the beta function (4.19) for type Bill fixed points with N = 4.

We could see the behavior of the beta function from FIG. 4.5. We see that this
type of fixed point is always unstable under 92 pertubation. For k > 4 if we make a small
pertubation on 9k or 94 , the stability analysis is the same as the case of one gauge coupling
turned on.
(d) The last type of fixed point with two gauge couplings turned on has 91 and either

92 or 9k nonvanishing. We studied this case numerically, and we give some examples for
N

=

4 and k

=

3 with 91 and 92 turned on, perturbed by 93 . We study the three-site

model in full detail in the next section.
TABLE 4.1: Euler anomaly and (3 function in type (d) models for k
indicates that the fixed point is absent in that theory.

Nb
1
1
1
2
2
3

Nt
2
3
4
2
3
2

f3rum

a
5.0456
5.9347
6.5617
5.2819
6.1077

-2.3774
-2.0058
-1.4758
-2.6383
-2.2071

*

*

=

3, N

=

3. An asterisk
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In the examples in table (4.1) we see that this type of fixed points is unstable in the
whole naive conformal window. In some examples this type of fixed point doesn't exist.
This is because from the beta function analysis those points would be saddle points in the
RG flow, and both a perturbative analysis and consistency with the a-theorem suggest that
those fixed points are absent. We will discuss the absence of these fixed points in more
detail in the next section. From our discussion we could now do some example cases
for k = 3, N = 3. Numerically we see in these examples that the stable fixed points
always have the smallest value of a. In general we find two types of stable fixed points,
the first one having all the gauge couplings turned on and the other one having only the
brane gauge coupling turned off. In table (4.2) A, B and C tells how many couplings are
turned on (1, 2 and 3, respectively), and the subcript tells at which sites the couplings are
turned on. f3'fum is given by (4.19). The three examples in the table demonstrate the three
different types of RG flow patterns that we find. We will describe the generic flows in
more detail in the next section.
TABLE 4.2: Fixed points and stability For N = 3
t)fum
t)~1Lm
t)~um
Type
remark
a
-3.812
-3.812
6.163
Nb = 3 N 1 = 2
AI
5.427
-2.80
same as A 3
2.00
A2
5.426
-2.835 doesn't exist (same as B 13 )
BI2
0.982
stable
4.999
B23
doesn't exist
4.971
OI23
5.945
-3.571
-3.571
Nb = 2 N 1 = 2
AI
-2.8
same as A 3
5.3025
-0.800
A2
-2.64
5.28195
same as BI3
BI2
4.8739
-0.0179
B23
4.8738
stable
OI23
-2.81
6.4130
-2.81
Nb = 2 Nf = 3
AI
6.1094
-0.25
-2.25
same as A 3
A2
6.1077
-2.207
same as BI3
BI2
5.9061
0.259
stable
B23
5.9042
doesn't exist
OI23

The fixed point stability analysis in theories with more than three gauge group factors
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is similar. In the theory with four lattice sites we plot the numerator of the SU(N)I beta
function near the fixed point with the remaining gauge couplings turned on in FIG. 4.6.
Once again, we find that whether or not the brane gauge coupling is nonvanishing at the
stable fixed point depends on Nb and N 1.
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FIG. 4.6: Numerator ofthe beta function (4.19) fork= 4, N = 4,(a) Nb = 2 and (b) Nb = 3.

While we do not have analytic solutions for the dependence of the R-charges on
the number of lattice sites, it is interesting to note that they do have smooth asymptotic
behavior ask---+ oo. FIG. 4.7 demonstrates the variation of the R-charges for the first few
link fields near the brane as a function of k for the moose models with N
and Nb

= 4, N 1 = 3

= 2 at the fixed point with all gauge couplings turned on.

We would still like to see that the hopping superpotential is a relevant deformation
of the fixed point theory. FIG. 4.8 demonstrates the variation of the dimension of the
operator F 1 Q 1 F 2 on Nf and Nb for fixed k = 3, N = 4. Note that the operator remains
relevant for the whole naive coformal window. We have checked numerically that in
the three-site models in their conformal window with N

= 2, 3, 4, 5, each operator in

the hopping superpotential is relevant at the stable fixed point. This result is heartening
from the perspective of the extra dimensional interpretation, although we do not have any
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general conclusions of this sort in the continuum limit.
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FIG. 4.8: R-charge of the operator F 1 Q1 F 2 at the stable fixed points in the three-site model,
N=4.

4.4

The A-theorem
Cardy has suggested that the Euler anomaly a decreases monotonically from the UV

to the IR, and is everywhere positive. The conjecture that a plays the role of a Zamolod-
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chikov C-function in four dimensions is known as the a-theorem. At conformal fixed
points the value of a is given by the a-maximization procedure of [86] used above. One
can consider flows from unstable to stable fixed points of the type studied above to test
Cardy's conjecture.
The simplest example of such an RG flow is from the free theory to a fixed point in
which a single gauge coupling is turned on. A large set of flows of this sort in theories with
various matter fields, gauge groups and superpotentials was studied in [95, 96], Focusing
on the gauge group which is turned on, the change in a from the UV to the IR is given by

~a

=

3(N

+ Nt)N
16

(~
9

3

+

3(

N
Nt

+N

)

N

_

which one can check is positive in the conformal window N /2

Nt

+N

)
'

(4.43)

< N 1 < 2N.

An analytical analysis of ~a between fixed points with additional nonvanishing couplings quickly becomes difficult. Hence, we resort for now to a numerical study for a
range of N, N 1 and Nb. We have studied all of the fixed points for the supersymmetric
moose models with three gauge groups (the "three-site model") in the naive conformal
window N /2

< N 1 < (2N- Nb) with N = 2, 3, 4, 5. We used Mathematica to analyti-

cally solve for the R-charges which maximize a, and to account for accidental symmetries
where they were required for unitarity. We numerically compared the differences in the
values of a at fixed points with one, two or three gauge couplings turned on.
We label the fixed points as follows:
AI
A2/A3

Brane gauge coupling turned on
Non-brane gauge coupling turned on

Bl2/B13

Two gauge couplings turned on, including the brane

B23

Two gauge couplings turned on, not including brane

C123

All three gauge couplings turned on.

The analytic solutions for the R-charges which maximize a are complicated and in
themselves not enlightening. Here we summarize the conclusions of our analysis of the
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a-theorem. We find that the values of a for each set of N, N 1 and Nb follow the following
pattern:
(4.44)
where fixed points which do not exist for a given (N, Nf, Nb) are to be removed from
the above inequalities, which are otherwise unchanged. In each case we find a picture
consistent with the a-theorem, and the flows are always in the direction,

Al --+ A2/ A3--+ B12/B13--+ B23--+ C123,

(4.45)

where again nonexistent fixed points are understood to be removed from the above pattern
of RG flows. The test for the direction of RG flow is from the f)-functions of the weakly
coupled gauge groups in the neighborhood of the fixed points.
The f)-functions for the bulk gauge couplings at the Al type fixed point are always
negative, so that at least one of the bulk gauge couplings will necessarily be turned on at
the stable fixed point. (In fact, both bulk gauge couplings will be turned on.)
The f)-function for the additional bulk gauge coupling at the A2/A3 type fixed point
is always negative. However, the f)-function for the brane gauge coupling near these fixed
points is positive for

(N,Nf,Nb) =

(3,2,3), (4,2,5), (4,3,4), (5,3,5), (5,3,6), (5,4,5), (5,5,4).

Those fixed points are stable to perturbations by the brane gauge coupling, and in those
cases the brane gauge coupling is irrelevant in the IR.
The f)-functions for the brane gauge coupling at the B23 type fixed points, i.e. with
both bulk gauge couplings turned on, are positive for all cases in which the brane gauge
coupling is positive for the A2/A3 type fixed point (enumerated above), in addition to the
theories with,

(3,3,2), (4,3,3), (4,4,3), (4,5,2), (5,3,4),
(5, 4, 4), (5, 5, 3), (5, 6, 3), (5, 7, 2).
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FIG. 4.9: The three classes of RG flows between fixed points in three-site models. The gauge
coupling at the "brane" is g 1 . The stable fixed point is circled in each case.

The ,6-functions for the bulk gauge couplings are all negative at the B 12/B 13 type
fixed points, so that both of the bulk gauge couplings are turned on at each of the stable

fixed points, as expected.
To summarize, we have found that for each (N, N 1, Nb) the RG flows between the
fixed points fall in one of three classes shown in Fig. 4.9. A few comments are in order
here. Note that there are examples of flows for which the brane coupling is attractive if
one of the bulk gauge couplings is turned off, but becomes repulsive when the remaining
bulk gauge coupling is turned on. Furthermore, it is interesting to note that the a-theorem
together with (4.44) precludes the existence of certain saddle points in the RG flows which
would allow flows like B 12----+Cl23----+B23 or Al----+B 12----+A2. Hence, it follows that the
a-theorem disallows otherwise possible fixed points along the trajectory from unstable to
stable fixed points. (At weakly coupled fixed points an analysis such as in [100] should
also demonstrate that such saddle points are not allowed.) As mentioned earlier, we have
also checked that all of the hopping terms in the superpotential are relevant deformations
of the stable fixed point theories in their absence (i.e. they haveR-charge < 2.)
There are many additional tests of the a-theorem which can be done by studying
flows between fixed points in other product group theories, the simplest generalization
of which is to include additional "branes" into the analysis done here, i.e. varying the
numbers of flavors at each node of the moose. We will not pursue a more general analysis

74

here.

4.5

Discussion
We have shown that both the gauge couplings and the superpotential are generically

relevant deformations of conformal fixed points of moose models at which those couplings are turned off. The bulk gauge couplings and hopping superpotential are always
turned on at the stable fixed points. We have checked this explicitly in a large number of
three-site models, and we have argued more generally in the braneless case that the stable
fixed points prefer the bulk gauge couplings and hopping superpotential to be turned on.
We expect this pattern to be completely generic in the class of moose models described
in this chapter. We conclude from these arguments that moose models with fundamental
scalar link fields may indeed provide a UV completion of an extra dimension. However,
it does not follow that such an interpretation is possible without fine tuning. We are generally unable to calculate the values of the nonvanishing couplings at the fixed point. The
NSVZ ,8-functions depend on the anomalous dimensions, which themselves depend on
the gauge couplings. At the fixed point, the ,8-functions vanish, which then determines
the gauge couplings. Near the edge of the conformal window where the fixed point couplings are weak we showed that the gauge couplings are all equal at the stable fixed point
in the absence of a brane. Although we do not know how to calculate the gauge couplings
at strongly coupled fixed points, it is clear from the a-maximization analysis that there
is no dependence on the number of lattice sites k in the absence of a brane, and little
dependence with a brane. Recall that for a deconstructed extra dimension with fixed 5D
gauge coupling, the 4D couplings should grow as 9i

rv

Vk as

k is made large. Gener-

ally, then, we find that for fixed k the effective higher dimensional gauge theory will be
weakly coupled. This conclusion assumes that AQcD is not too much larger than AKK·
If AQcD

»

AKK

then it is possible for the theory to flow to still stronger coupling at the
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scale AKK· However, if a hierarchy between dynamical scales must be imposed, then the
use of SUSY for preventing a mass hierarchy in the deconstructed theory is made moot.
Another challenge to the extra-dimensional interpretation is that the superpotential
couplings may still need to be fine tuned to generate the correct hopping. We have only
demonstrated that the superpotential is composed of relevant operators near the conformal
fixed points; we have not calculated the superpotential couplings in the IR. To produce
the spectrum of a 5D SUSY theory, the superpotential couplings may have to be tuned
at mKK· It is interesting in this regard to note that, at least for the braneless moose,
marginality of the trilinear superpotential couplings at the fixed points automatically ensure that the mass terms for the flavors are also marginal. Hence, one might expect that
those mass terms can be varied freely along a continuum of fixed points [110] and must
therefore be tuned in order for the flavors to propagate at the same speed along the extra
dimension as the gauge fields. The problem with this argument is that it does not take into
account the RG flows down to mKK when the (Qi) VEVs are turned on. Furthermore,
the superpotential is arranged so that the low energy theory below mKK has N =2 supersymmetry in four dimensions, as opposed to theN=1 supersymmetry of the high energy
theory. One may hope that the true stable ground states after the (Qi) VEVs are turned on
would have this additional supersymmetry, although a conclusive argument along these
lines is lacking.
The final point that we would like to make regarding RG flows and deconstructed
dimensions is that some aspects of the geometry and topology of the deconstructed theory are determined dynamically in these theories. The couplings which enter the effective
theory below the scale AKK are determined by their values at the stable fixed point and
the ratio AQcn/ AKK· If additional dynamics also selects the link field vevs, then the geometry of the deconstructed theory is completely determined. Furthermore, the boundary
conditions, and hence the topology of the extra dimension, are also determined dynamically. We have found that whether or not the gauge coupling at the brane lattice site
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vanishes at the stable IR fixed point depends on the numbers of flavors and colors, at least
in the cases with a small number of lattice sites which we have studied in detail. We
expect this phenomenon to be generic in moose models with conformal fixed points. If
the gauge coupling at the brane is turned on at the stable fixed point, then the gauge fields
have periodic boundary conditions on the extra dimensional circle; if the gauge coupling
is turned off, then the gauge fields effectively propagate on an interval. Also, in this case
the brane-localized flavors decouple from the theory, so in essence the brane disappears.
The dynamics of the bulk flavors may still need to be tuned in order to be consistent with
the extra dimensional interpretation and with the topology as seen by the gauge fields.
Indeed, we have found that all of the flavor hopping terms are relevant operators near the
fixed points, so that the hopping terms at and near the brane are expected generically to
be turned on.
There are several interesting phenomena which may be the result of fixed point dynamics in moose models. For example, in our analysis of three-site models we have
noticed that it tends to be models with small numbers of flavors for which the brane
gauge coupling remains turned on at the stable fixed point. Hence, flavor physics may be
constrained in such models.
It might prove interesting to consider deconstruction of 5D product gauge group

models to explore the possibility of partial breaking of the 5D gauge group via dynamically determined boundary conditions. This would then provide a new dynamical realization of Higgsless type models [4, 111] or models of GUT breaking by boundary conditions
[112, 113, 114, 115, 116, 117]. Similar considerations may also lead to a dynamical realization of partial breaking of 5D supersymmetry by the dynamically generated boundary
conditions, similar to Scherk-Schwarz SUSY breaking [118]. In particular, IR stability of
the superpotential couplings is not a priori linked to stability of the gauge couplings so
that the flavors might not be coupled to the brane in a manner consistent with 5D SUSY.
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4.6

Summary of Chapter 4
Moose models with conformal fixed pointshave a rich phenomenology which this

chapter only begins to unsurface. The discrete nature of conformal fixed points makes
them especially predictive, and in the context of deconstructed extra dimensions can lead
to a qualitative understanding of the theory at low energies. For example, we demonstrated a dynamical selection of boundary conditions at the brane: the UV completion
of the theory dynamically selects the boundary conditions in the effective higher dimensional theory, and thereby the topology of the extra dimension.
In addition to the rich phenomenology of deformed conformal moose models and
their relation to extra dimensions, the intricate structure of conformal fixed points in these
theories provides a nontrivial class of tests of Cardy's conjectured a-theorem. In all cases
studied, we have found that the RG flows between fixed points are such that the Euler anomaly a flows from higher values to lower values as energy scale decreases, in
agreement with Cardy's conjecture. An analytic proof that a always flows from larger to
smaller values in the context of flows between these fixed points seems possible, although
we have not provided such a proof here. It would be straightforward to generalize the
study to other product gauge group theories with conformal fixed points, for example to
theories with additional "branes" or to the interval moose model in its conformal window.

CHAPTERS
Conclusions
In the near future, the LHC will provide us with a lot of data at higher energies
than has been explored to date. It will give us a better understanding about electroweak
symmetry breaking, and may discover the Higgs particle. In order to anticipate the LHC
data, particle physicists have developed various models to predict phenomena they would
see in the LHC data. We have studied two extra dimensional models and how to analyze
a UV completion for extra dimensional models.
In Chapter 2, we learned how to combine a feature in RSI and RSII in a single extra
dimensional model. We also shown we could reduce the Peskin and Takeuchi S parameter, while corrections to both T and U remain suppressed by changing the size of extra
dimension. This could be used as an alternative mechanism for lowering S parameter.
Chapter 3 described another possibility to reduce the Peskin and Takeuchi S parameter in a holographic technicolor model. We also shown a possibility in the holographic
technicolor model to generate fermion masses, by adding a weak doublet field. Similar
with the conventional Higgs doublet, the new scalar field has Yukawa couplings to the
Standard Model fermions to generate their masses.
Deconstructed extra dimension were discussed in Chapter 4. We showed that in
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certain supersymmetric deconstructed extra dimensional models the boundary conditions
and the topology of the extra dimensions is determined dynamically. We also provided
several tests of Cardy's conjectured a-theorem. In all cases studied, the RG flows between
fixed points are such that the Euler anomaly flows from higher values to lower values as
energy scale decreases, in agreement with Cardy's conjecture.
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